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NEPEOAMOBA

Ll xHura agpecoBaHa TMM, XTO XOY€ HABYMTHCS pPO3B’SI3yBaTH 3aaavi
oTiMITiaIHOT MaTeMaTUKH Ta HABYUTH 1[bOT'O CBOIX YYHIB.

BoHna HanucaHa Ha OCHOBI 6araTopiyHOro JOCBIAY MiATOTOBKH LIKOJISPiB
Ta CTYJEHTIB JI0 y4acTi B MaTeMaTUYHHUX OJIiMITIianaX pi3HMX PaHTiB, i 3M00yTTA
HHMMHU NIEPEMOT.

Merta Li€i KHUTY — HagaTH BUUTENSAM, YUHSIM KOHKPETHY 1OTIOMOTY B PO3-
BUTKY BMiHHS pO3B’sI3yBaTH oliMIianHi 3agayi. BoHa ckiianaersbes 3 IBOX 4ac-
TUH. Y Tepliit yacTHHi BUCBiT/IEHa TeMa «DyHKLiOHaNbHI PIBHSIHHS Ta METO-
M iX po3B’A3yBaHHA». Y ApYriil — yMTauyeBi MPOMOHYETHCS MO3HAHOMUTUCS
3 OOHHMM i3 CY4aCHMX METOMIB NOBENEHHS Pi3HOMAHITHUX MaTEeMaTHYHHUX
TBEPIXXEHb — METOIOM MaTeMaTUYHOI iHAYKILil.

o 6inpLIOCTi 3a1a4 1aHO BiAMOBIAHI Ta MOBHI iX po3B’s3aHHs. OIHaK X0uy
monepeauTH Bac, 110 YUTaHHS PO3B’sI3aHb NPUHECE Maly KOPHUCTb, SIKILO I1e-
pen MM Bu He BUTpaTHTE AOCTaTHHO CBOTO Yacy, CIIpoOyBaBIM PO3B’SI3aTH
3a1a4y caMocTiitHo. 1o GibIIOCTi 3a1ay € BKa3iBKH, SKi MOXYTb JOMTOMOITH
BaM 3HaiiTH ifelo po3B’A3yBaHHs, IKIIO 3aaya He MignaeTbest BammMm cripo-
6aM 11 po3s’s3atu. Pamxy Bam 03HallOMUTHC i3 3aIPOTIOHOBAaHUM PO3B’sI3aH-
HSIM i B BUTIaIKY, KOJIM By po3B’si3aiy 3axaqy caMOCTiHHO. MOXJIMBO, B HBOMY
Bu 3Haiinere HOBI 1is1 cebe inei.

upo Basununit Mapkogiit Ipuni CepriiBHi — pefakTopy ui€i KHUTH, 3a ii
METOAMYHI MTOpaJM LIONO CTBOPEHHS KHWTIH, pedaryBaHHs 6araTboxX TEKCTiB
3a/1ay Ta iX po3B’sI3yBaHb. .

Byny BassuHM# yciM, XTO 3anpONOHYE CBOI 3ayBaXEHHS LIOI0 CTBOPEHHS
i€ KHUTHU, CBOI pO3B’A3aHHS OKpEMMUX 3a1ad. [1poLly HaaCcHIaTH iX Ha anpecy
penaxiiii.



GDYHKUIOHAJIbHI PIBHAHHSA

3aranbHi BinoMocCTi

Knac oyHkuiit, ski BUBYAlOTBCA B IUKiJIBHOMY Kypci MaTeMaTHKHU,
NMOPiBHSHO HeBeIMKUit. Jlo HUX HajleXaThb, HaNpHKIIal, JiHiifHa, CTeNeHeBa,
NOKa3HUKOBA, TPUTOHOMETPHYHI yHKUiI ToIo. IHwi dyHKuii rictaemMo 3 o¢-
HOBHHX 32 JJOTIOMOT010 KOMITO3M1Lii Ta anre6GpaiyHux Aiif HaX OCHOBHUMH eJie-
MEHTapHUMH (QYHKILSIMM.

PiBHicTB, 3 1K0i MOXXHa 3HaWTH HEBiTOMY (DYHKLIIO, HA3UBAETHCA PYHK-
yionanohum pienanHam. Po3p’sa3aTv (YyHKUiOHaJIbHE DiBHSAHHSA — O3HAYae
3HANTH HeBinoMi (YHKIT, IO BXOAATH 10 HHOTO. 3HAaYHU I BHECOK Y BUBYEHHS
Takux piBHAHB BHic O. Koui (1789—1857). OnHe 3 GyHKILIOHATBHUX PiBHSHb

_ Sfx+y)=f(0+f(»)
HOCHUTb ioro im’s.
Po3rissHeMo MeToaU po3B’si3yBaHHS (QYHKLIOHAJIBHUX PiBHSHb.

MeTopa nincraHoBOK

CyTb 1IbOrO METOMY IOJIATAaE OCh y YoMy. Jlpunycmumo, 110 JaHe PiBHIHHS
Ma€ po3B’s130K. 3aCTOCYEMO J0 3MiHHMX, LII0 BXOASTh Y PiBHSAHHA, NEAKi MifcTa-
HOBKM. JlicTaeMO cucTeMy DiBHSIHb, OOHMUM i3 HEBIIOMMX SIKOI € IyKaHa
¢ynxkuis. ITicas po3B’si3yBaHHsA CUCTEMH GE3110CEPEIHBOIO NEPEBiPKOI0 Heobxio-
HO nepeKoHamuch, WO 3HalneHa QYHKLIS 3a10BOJILHSE YMOBY 3anayi. OCHOBHa
TPYAHICTh 1[bOTO METOMY MOJIATa€ y BUOOPi BAAIMX MiICTAHOBOK.

MeTopn 3aCTOCYBaHHSA NMOHATTS rpynu .

Osnauenns. JloBinbHa MHOXWHA G GYHKUIN, AKi BU3HaYeHi Ha MHOXMHI
M, Ha3uBaIOTh 2pynoI0 BITHOCHO ollepallii «o», IKIIO MHOXWHA G 3aJ0BOJILHSE
TaKi Bl1aCTUBOCTI: . :

1) nna 6ynb-akux dyHKUil [ € G, g € Gix KOMNO3ULA f o g TAKOX HaJle-

xuth G (mig omnepauieio fog 6yhemo PO3YMIiTU CKJIafieHy (YHKIIiI0

F(&(®));

2) byHKuis e(x) = x Hanexuts G;
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' 3) g 6ynb-saKoi dyHKil f € G icHye oGepHeHa byHKUIS f ™, Ka TaKoX
HaJIEXUTB G.
KinbKicTb eleMeHTiB CKiH4EHHOI IPYIIY Ha3UBAIOTb NOPAOKOM IPYIU.
Lle o3HaYeHHSI € OKPEeMHUM BMIANKOM 3arajlbHOro O3HAYEHHS TMOHSTTA
rpynu. JleTaJbHO OCHOBHI MOHATTA Teopii rpyn BukiageHo y [1], [14].

Hexait g,(x) =x, g,(x) = —i Toxi

x1,
1 1
g0 = =560 sos a0
—+1 X
x+1 x+1
Dyukuii g,(x)=2x gz(x)=-——, 8 (x)-- , g4(x)=T+i, sKi BU3HA-

yeHi Ha R\ {O 11} YTBOPIOIOTh TIpyNy 4YeTBepTOro mnopsaky. JiicHo,
G ={2,(%); 8,(x); &;(%); &, (x)} mae Taxi BracTusocri:

1) BoHa 3aMKHEHa BiTHOCHO oIepallii KOMIO3uLlii;
2) cepen dyHKUi MHOXMHM G € g, (X) = x;
3) ons KOXHOi i3 dyHKUi MHOXMHM G € o6epHeHa: g =g, &;' =&,,

g =85, 8" =8,

BuxianeMo 3arajibHiii MeTOI pO3B’si3yBaHHA AESIKHUX (bYHKUiIOHAJIBHUX
PiBHSAHb i3 3aCTOCYBAaHHSM TIOHATTS TPYITH.

Hexait y pyHKIIiOHaTBHOMY PiBHSHHi

af(g)+a,f(g,)+...+a,f(g,)=b *)
BHpa3H, AKi CTOATH MiJy 3HAaKOM HeBioMoi PyHKUii f(x), € eneMeHTaMu rpy-
nu G, sKa CKJIAIaeThes i3 n eneMeHTiB (PyHKUiR): g,(x) =x,g,(),...&, (9,
npuyoMy KoedillieHTH a,, a,, ..., a, Ta b—aesaki ¢ynkuii. [Ipunycrumo, wo
piBHsIHHA (*) Ma€ po3B’A30K. 3aMiHMMO X Ha g, (x). (B momanbiioMy Taky
3aMiHy 6yeMO IO3HaYaTH X —> g, (¥).) Y pe3ysbTaTi HOCHiOOBHICTh &, &, »-, &,
nepeiae B MOCITIOBHICTD g, ©&,, 8, © &, &, © &, AKA 3HOBY-TAKM CKJIa-
naeTbes 3 ycix enemeHTiB rpynu.G. Tomy «Hesigomi» f(g,), f(g,), .., f(g,)
MOMIHSIIOTBCS JIMILIE MIiCLSIMH i MaTHUMEMO HOBE JIiHiiiHe prHﬂHHﬂ. Hani
B piBHAHHI (*), aHamoriyHo, 3poOMMO MOCTINOBHO 3aMiHM X —> g,(X),
x> 8,(%),., X > g, (n), MCIs YOTO AiCTAHEMO CUCTEMY i3 1 JIIHIHHMX PiBHSHB,
AKY ‘CJIil po3B’s13aTH. SIKI11I0 pO3B’A30K iCHYE, TO HOTO CJIil nepegipumu, 9y 3a-
JIOBOJILHSIE BiH PiBHSIHHA (*).
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MeToa 3acToCyBaHHS eJleMEeHTIiB MaTeMaTUu4HOro aHanisy

[Mpu po3B’si3yBaHHi piBHSIHb Kowli po3B’s13Ky 3HaXoaaThCs 3a IOMTOMOTOI0
METOiB MaTeMAaTUYHOTO aHaJIi3y 30KpeMa TaKMX, SIK TPaHUL MOCiT0BHOCTI
Ta pyHKUiT, HEeMEepepPBHICTh, ANepeHLiHOBaHICTh TOLIIO.

a) Memood epanuunozo nepexody. CyTb LILOTO METOLXY MOJSATa€ B HACTYMHO-
My. 31iHCHIOETBCA MIACTAHOBKA, sIKa NEPEBOAUTD BUPaA3, IKUI1 CTOITh Mil 3Ha-
KOM f B OHOMY YWI€Hi piBHSIHHSI, Y BUpa3, IKUIi CTOITh Iill 3HAKOM [y IpyroMy
ioro uneHi. Ll nimcraHOBKa NMOBTOPIOETHCS 1 pa3siB. JlictaHeMo cucTeMy n
JIHIAHUX piBHAHb. BUKIIOYAlOYM MNOCTIIOBHO HEBIIOMi, MM MaTMMEMO
PiBHSHHS BUIJISALY

f(x)=anf(bn)+cn9
ne a,,b,,c, — 4neHU JESIKMX NMOCTiAOBHOCTeM, # — QikcoBaHe HaTypaJibHe
yuco (a,, b,, ¢, MOXyTb OyTH i PyHKLIAMU Bif X).
SIKIIO iCHYIOTh rpaHMLi Npu n — o mocninosHocred {a,}, {5,},{c,},
npuyoMy limb, =const, TO rPaHUYHUM TNEPEXOIOM, BUKOPUCTOBYIOUH HeTle-

-
PEPBHICTh f(x), 3HAXOAUMO BUpa3 s f(x); 3BUYAHO, hepegipka € CKIIalo-
BOIO YaCTHHOIO pO3B’si3yBaHHA (PYHKLIIOHAJILHOIO PiBHSAHHS.

LluM MeTooOM MOXYTh OYTH pO3B’si3aHi B Kiaci HemepepBHUX (DyHKLii
PiBHSIHHS BUIJISIY

fUoc+b) =mf (0 + P(x), f(kc+ B) = f(29)-a™?,

ne k >1, |m|<1, P(x) — MmHorouneH, a >0, a #1, a = const.

0) Memod dugepenyirosanns. BiH nossrae B ToMy, 1O JUISI 3HAXOMKEHHS
Ppo3B’s13KY (DYHKILIOHAIBHOTO PiBHSHHS B KJIaci nudepeHuiiioBaHuX GyHKILii
JOLLIBHO npoaudepeHLiloBaTH OOUABI Oro YaCTMHU, 32 YMOBH, 1110 ITOXiIHA
icuye. B pesynbraTi AicTaHeMO ¢yHKUiIOHaJIbHE PiBHSHHS, K€ MIiCTHTH ILE
i moxizHy HeBiToMoi (yHKUiil. PO3B’S13y104H 1ie piBHSHHS AK GYHKLIOHABHE,
BITHOCHO NOXiHOI, AicTaHEMO, 110 LIyKaHa (GyHKIIis € OOHi€I0 3 MEPBICHUX
IS i€l oXinHoI.

B) Memod Kowi. lluM MeTO10M PO3B’SI30K PiBHSTHHS 3HAXOAUTHCA 32 IOMO-
MOTOIO CIeLiaIbHUX MiACTAHOBOK TMOCTIAOBHO JUISl HAMYpaabHUX, payioHans-
Hux 3Ha4YeHb apryMeHTa, a MOTIM I'paHWYHUM IepexomoM — IUid dodammuux
ditichux x i, HapellTi, pO3MOBCIONXYEThCS Ha gci dilicHi 3HAaYEHHS apryMEHTa.

r) Memod pexypenmuux cniggionowens. Hexait 3anaHe (yHKUiOHaJIbHE
piBHAHHS HATYpaJIbHOTO apryMeHTa Ma€ BUIISL PEKYPEHTHOIO CIiBBiIHO-
LIEHHs, TOOTO (OpMyaH, sKa BUpaxae f(n) yepe3 NOMEpENHi 3HAYEHHS
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f(n=1), f(n-2), i t.0. CnoyaTKky OOGYMCIIOIOTH 3Ha4eHHA OYHKuUii BiI
JIEKUIBKOX MEePLIMX YKCEJl HAaTypaJIbHOro psiy (IIpH LIbOMY BUKOPUCTOBYETHCSA
peKypeHTHe chiBBigHOWIeHHs). [loTiM mnpoOyioTh NPOrHO3yBaTH BUINISA
urykaHoi ¢yHkuii (rimoresa !), mic/isi YOro NEPEKOHYIOThCS Y CIIPaBEIIMBOCTI
3M0TafkM 3a JOIOMOTOI0 Memody mamemamuuHoi iHoykyii. CaMe Tak 3Haxo-
JIATBCA OPMYJIH IS /1 -TO YWieHa aprMEeTUUHOI Ta TeOMETPUYHOI ITPOTPECiiA,
nocJiitoBHocTi PiboHayyi:
SO=7D=1 f(n)=Ff(n-D)+f(n-2),

s Bcix n =3, 4,5, ...

AHAaJIOTiYHO 03HAYa€ThCS KOMIO3M1Lis1 Oi1bLIOT KiIbKOCTI (PYHKLIH.

Hani po3rnsiHeMO (YHKUiOHaNbHI PiBHSHHSA, SKi IPONOHYBAJIMCS Ha
pisHMX eramax BceykpaiHChKuX Ta 3apyOiKHHUX MaTeMaTHMYHUX OJIiMIia.
Y nyxKax BKa3aHi KJIacH, B IKMX OYJIM 3aIIPONIOHOBAHO 11i piBHSAHHS.

3apauvi

1. (9-10) 3nainits yci dysxuii £:R\ {0, 2003} — R sKi 3310BONLHSIOTH
piBHsHHSA (2003 - X) £(%) - 2/ (2003 - x) =1. '

Po3B’sa3anns

3acrocyBaBLIX MOCiAOBHO 3aMiHy x=2003 —¢, x=¢ gicTaHEMO CHUCTEMY
piBHAHB BimHOCHO f (f) Ta £ (2003 — 7).

1£(2003 -£) -2(2003 1) £ (r) =1, 2 £(2003 -1) -4(2003 1) (1) =2,

(2003-7) £(1)-21£(2003 1) =L, | (2003 -7)f(r) -2t (2003 1) =1

TMowieHHO NOAABILH PiBHSHHS CUCTEMH, OTpuMaeMo: —3(2003 —7) f(F) =3,
. 1

ockizbku 1 # 0,7 2003, 10 f(f) = 003"

1
x=2003’

Mepesipkolo  mepekoHyemocs, w0  oynkuis  f(x)=
x € R\ {0, 2003} 3a710BONIBHSE NaHE PIBHAHHSL.
Bidnosids. f(x) = ,ze x € R\ {0; 2003},

1
x—-2003

2. (10) 3Haizite yci dyHkuii f:R — R, ki 3a10BOJBbHAIOTH PiBHIHHSA

f(xy) _ yzoos f(x)
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Po3p’a3anns
Moknanemo x = 1, gicranemo f(y) =y** f(1).

Mosuaumnsun f(1) = A, MaTumemo dyukuiio f(x) =A-x*, ne A= const.

BrkoHaeMo nepeBipKy:
2003 . . .
AMyx)™ =y™ .Ax™, us piBHICT CNIPAaBIKYETbCS IS JOBUIBHHUX

OiACHUX X, y Ta A.
Orxe, dynkuis f(x) =A-x*, A =const 3a10BOJIbHSIE AaHE PiBHAHHS.

Bionoeids. f(x) =L x>, ne A =const.

3. (9-10) 3Haiigite yci dyHkUii f:R — R, sKi 3a10BOJIbHAIOTh PiBHAHHS
fx+y)+f(y-x)=(y+ 2)f(x)+y(2y-—x2 )

Po3p’s3anns
Moknasiuy x = 0, nicranemo f(y)+ f(¥) =(y+2)£(0)+2y*

a6o f(y)=y’ +%a+a,uea=f(0).

2 2

BukonaeMo nepesipky: (x+ y) 2y a+a+(y-x) g

x
=(y+2)(x2 +5a+a)+y(2y——x2 ) ,

OtpuMaemo, 1o ax(% + l) =0 1S JOBIBHUX X, y, TOOTO @ = 0.

Ortxe, lﬁyKaHa dynxuis f(x)=x>.
Bidnogioe. f(x)=x".

4. (10) 3Haiigite yci ¢yHkuUii f:R— R, sKi 3a10BOJNbHAIOTh PiBHAHHSA
f(xy) =siny- f(x).

Po3B’s3aHHsA

Moxnanemo x = 1, micranemo f(y) =siny- f(1), mosHaunmo a = £(1).

[TepeBipka mokasye, o a = 0.

HiiicHo, asin(xy)=asiny-sinx < a(sm(xy) —siny-sin x) =(), BpaxoBylo-
UM, L0 LA PiBHICTh BUKOHYETBCS 1S OYIb-SIKUX JifICHUX X Ta Y, onepXyeMo a = ().

Ortxe, wykaHa ¢pyHKUIA Ma€ BUIIAR f (x) =0
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Bionosids. f(x)=0.
5. (9) 3Haiigite yci ¢yHKUil f:R — R, siKi 3aJ0BOJILHSIIOTb DiBHSIHHSI
S(x+y)=f(x=y) =4

Po3s’sa3annsn
3acTocyeMo 3aMiHy X+ y =U, X~y =V, MAEMO PiBHSHHS:

f@)-f(v)=u®-v2.
Moxnasum v = 0, orpumaemo f(u) =u’ + £(0).
IMo3HaumBLIM TeNeEp u yepes x, onepxyemo f(x) =x* +a, ne a = f(0).
OueBuHO, W0 GYHKUIA f(X) =X’ +a 3a[OBOJBLHSE BUXIIHE DIBHSHHS.

Y LIbOMy HEBaXXKO NEPEKOHATHCH, BAKOHABILH MEPEBIpKY:
} 2 2
(x+y)" -(x-y)" =4xp.
Bidnogioe. f(x)=x" +a, Ae a=const.

6. (9) 3Haiigite yci ¢yHKuii f:R — R, gKi 3ag0BOJIbHSIOTh DPiBHSAHHSA
f(x+y)=f(x)+y.

Po3B’sa3aHHsA

Moxnasum x = 0, gicranemo f(y) =y + £(0).

IMosnaunmo a = f(0) Ta y uepes x, orpumMaemo f(x) = x+a.

BukoHaeMo nepeBipky:

X+ y+a=Xx+a+ y,3BiIKH OIEPXYEMO, 1110 g — GY/Ib-Ka KOHCTAHTA.

Bidnogioe. f(x) = x+a, ne a = const.

7. (11) 3Haitnite yci dyHkUii f: R — R, AKi 33a00BOJILHSIOTH PiBHSIHHS
f(x+y)=1(x)-¢.

Po3p’s3anHs

ITincraHoBkoi0 x = 0 faHe PiBHSHHS 3BOOUTBCS IO PiBHAHHS [ ( y) =ae’,
ze a=f(0).

ITo3HayKuMo y uepes x, OTPUMAEMO DYHKILiIO [ (x) =gqge” . BUKOHaBILIU Me-
peBipKy, nicTaHeMo: @ — Oyab-sKa KOHCTaHTa. OTXe, f (x) =ae”,
Iie a = const — IIyKaHa QyHKILis.

Bionosids. f(x)=ae*, ne a = const.
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8. (9—10) 3Haiaite yci yHKUIl f:R — R, aKi 3a10BOJBHSIOTh PiBHSIHHS
S(x+y)+ f(x-y)=2x" +2y°.

Po3B’s3anns

3acrocyBaBiuy ninctaHoBKy y =0, nicranemo: f(x) + f(x) =2x?, f(x) = x*.

INMepeBipKa rokasye, 1o GyHKUis f (x) = x? — 1IyKaHa.

Bidnosios. f(x)=x*.

9. (10—11) 3naitnite yci dyHkuUii f:R — R, AKi 3a10BOJbHSAIOTb PiBHIHHS

F(x+y)+ f(x-y)-2f(x)(1+) =2xy(3y—x2 )

Po3B’s3aHHg
BukoHaeMO Moc/IiIOBHO MiACTAHOBKMU:
Dx=ty=t
£+ F(0)-21()(1+1) =2 (3-1),
Q)x=ty=-—t

FO)+ f(2)-21(r)(1-1) = 2> (3 +1).
MaeMo cucteMy piBHSIHB BiTHOCHO f (f) Ta f (21):
f()-21()(1+1) =6t> —2* - 1 (0),
{f(2t)—2f(t)(l -1) =61 +2* - £(0).
3 cucremu micraHemo, wo f(r) =¢’.
TMo3HauMBLLM TYT Yepes X, OTPUMAEMO LyKaHy byHKLio f(X) =x’.
[MepeBipka mnokasye, wo QyHKUig [ (x) =x’ 3alI0BOJILHAE BHXiIHE
PiBHSIHHS.
Bionosios. f(x)=x’.
10. (10—11) 3uaitaite yci dyHkuii f: R — R, siKi 3a10BOJIBHSIOTH PiBHSAHHS
F(x+y)+ f(x-y)=2f(x)cosy.

Po3B’sa3anng
BukoHaeMo niACTaHOBKH:

1) x=0, y =1, micraHeMo
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F(@®)+ (=) =21(0)cost;

2) x=g+t; y =7—2t, JlicTaHEMO

f(r+0)+ f(f) = 2f(-g+thosg;

s ' .
3) x=5; y =—2-+t, JictaHeMo

f(r+1)+ () =—2f(g)sint.

HictaHeMO cUCTEMY DiBHSIHB:

F(@)+ f(-)=2f(0)cost,
f(r+)+ f(£) =0,

f(r+1)+ ()= —2f(g)sint.

Criouatky BUKIIOUMMO 3 cuctemu f(m+1), notim f(~f).
OTtpumaemo:

f(t) =acost + bsint, (*)
ne a=f(0),b= f(lzt)
[TosHayuMo B (*) f uepe3 x, OIEPXHUMO: f| (x) =acosx+ bsinx.
BuKoHaeMO nepeBipKy:
acos(x+ )+ bsin(x+ y)+acos(x—y)+ bsin(x—y) =
=(2acosx+ 2bsinx)cosy.

Lis piBHIiCTh cnpaBIXKYEThCS M Oyab-sIKMX HICHUX X Ta y Ta HOBIIbHUX
¢ikcoBaHUX a Ta b.
Bionogiode. f (x) =acosx+ bsin x, ie a = const, b = const.

11. (11) 3Haitmith yci dyHkuii f:R — R, sKi 3a10BOJIBHAIOTb PiBHSHHS

£ (x4 9) = () F(x=9)) o™,
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Po3p’a3annsn
BuKOHAEMO MOCIIIIOBHO ITIACTAHOBKH:

Hx=0,y=t

_ F@F@)=1*@)-f*(H)-e

) x=0,y=—1¢
FOSH =F1 )£ O™,

HicTaHeMo cucTeMy piBHSHb:

{f(O)f(f)=f’(r)~f’(-r)~e“‘, )
Q)= ()70,

3Bizkm MaeMo, wwo f(f) =0 abo
S = (=10

OTtpuMaHMit BUpa3 MiACTaBUMO B PiBHSIHHSA (*) 3aMicCThb f (—t).

. 4 -i
Hicrauemo f(f)=a-e *, nea=3f(0).
BukoHaeMo nepeBipKy:
4 4 8
a2 3. T gt e T
3BizcH oTpMMaEMo, L0 a = te 3.
Otxe, onepxyemo, wo dynkuii f(x) =e**1a f(x) =—€** wykaHi.
Bidnogioe. f(x)=0, f(x)=¢e*?, f(¥) =—€*2.

12. (10-11) 3naitnits yci dyHkuii f:R — R, sKi 3a00BOJLHSIOTh PiBHAH-
s f(x+y)+2f(x-y) =3f(x)-y.
Poan’uaauna‘
3acTocyeMO MiACTaHOBKH:
)x=0,y=t
F@O+2f(+)=31(0)-1,
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x=ty=2t
f(3t)+ 2f(—t) =3f(t)—2t;
Nx=ty=-2
F()+21(30) =3f(r)+2.
HictaHeMO CUCTEMY PiBHSHbD:
f@O+2f()=31(0)-1,
f(3t)+2f(—t) =3f(t)—2t,
f(=0)+2f(3) =37()+2,
FO+21(~)=37(0) -,
{3f(—t) =3f(t) —-6t.
3sincu f(f) =t +a, ae a = £(0).
BuKoOHaBILM NEPEBipKY, NEPEKOHAEMOCSH, 110 QYHKLs

f(x)=x+a,
ze a = f(0) cripaBXye BUXiTHE DiBHAHHS.
Bidnosios. f(x) = x+a,ne a =const.

13. (10—11) 3Haitmits yci dyHKiLii /: R — R, 9Ki 33J0BOJIbHAIOTh PiBHAHHS

f(x+y)=2f(x-y)+f(0)-2f(y)=y-2.

Po3p’a3aHHsA
BukoHaeMo MigCTaHOBKU:
1) x=0,y =t
F@O-21(-)+f(0)-2f(1)=1-2;
2) x=t,y=2
FB)-21(-)+f()-2f(2)=2t-2;
3)x=2,y=t
FG)-21 () + F(2)-2F () =1 -2
4) x=t,y =t

F(2)-21(0)+ £()-21 () =1 -2.

OTpHUMa€EMO cHCTEMY PiBHAHB:
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—f()-2f(-)+ f(0)=£-2,
fB)=-2f(=)+ f(t)-2f(2)=2t-2,
f(B)-4f()+f(2)=t-2,
FQ2)-f()-21(0)=t-2.

3Biacu onepxumo, 1o f(f) =t + % f(0 —;.

BukoHaeMo nepeBipKy:
7 4 7 4
x+y+=f(0)—==-2| x-y+=f(0)—= |+ x+
y 3f() 3 (x y 3f() 3] x

7 4 7 4
‘ 'l"gf(O)— 5 —2(y+§-f(0)—§')—y—2.

3Bincu onepxumo, wo f(0) =1.
Orxe, mykana dyHkuist f(x) = x+1.

Bidnoeids. f(x)=x+1.
14. (11) 3Haiiaite yci dyHkuii f: R — R, AKi 3a10BOJIBHAIOTb PiBHSIHHS

f(xy)+2 /(E] =3f(x)-Iny. (Tyr R, — MHOXMHa BCiX AiHCHNX AONATHUX YM-
y

ceJi, R — MHOXMWHA BCiX HiACHUX yuce).

Po3p’a3aHHs
3acToCyeMO MiCTaHOBKHU:

1) x=ly=t,ne t>0
f(t)+2fG)=3 £(1)~1n;
2) x=t,y=t*,t>0

£(2)+ 2fG) =37()-2mnr;

3) x=t,y=l2,t>0
t

/G)J, 21(#* )=3/()+2nr.
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HictaHeMo cucreMy piBHSHbB:
| f(t)+2f(%)=3f(l)—lnt,

3 D300 -
LA )+2f(tj—3f(t) 2,

\fG)+ 21(£ ) =3/()+21nt.

I3 cucremu orpumaemo, 1o f (t)=1nt+a. ITo3HauuBILIM TYT ¢ 4epe3 X,
oxepxumo f(x) =Inx+a,ne a=f(1).

IepeBipKo1o nepeKoHaeMOCH, WO GYHKLIis
f(x)=Inx+a,
nea=fi (1), 3a/I0BOJIbHAE BUXIIHE PiBHSIHHS.

Bidnogioe. f(x)=Inx+a, ne a = const.

15. (11) 3Haitnite yci dyHkuii f: R — R, aKi 3a10BOJIbHSAIOTH PiBHSAHHS
2f(x+2y)+ f(x) = f(x+ y)-(2ey +e” )

Po3B’a3aHHs
ITimcTaHOBKOIO X+ y =¢, y = Z IaHE piBHSIHHS 3BEIEMO 10 PiBHSIHHSA

2 (t+2)+f(t-2) = f(1)(2 +e).
OTpuMaHe piBHSTHHSI pO3B’SIKEMO, 3aCTOCYBaBLUH ITiICTAHOBKH:
Dt=0,z=u.
2 @)+ £ () =f(O)(2" +e™);

2)t=u,z=2u.

21 (3u)+ f(-u) =f(u)(2e“ +e );
3)t=u,z=-2u.

2f(—u)+ f(u) = F(w)(2e7" + ™).

OTpUMAEMO CUCTEMY PiBHAHb:
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2 )+ () = £ (0)(2e" +e™),
2 )+ f() = f)(2e™ +e™),
2f (=) + f(3u) =f(u)(2e2“ +e )
I3 cucremu gicranemo, wo f(u) = f(0)-e”. ITo3HauMBIIM TYT U Yepe3 X,

onepxumo f(x) =ae*, ne a = f(0).

epegipka. 2ae™ +ae* =ae™ ~(2e’ +e” ), ILI0 CIIpaBEeJINBO LI Gyab-

SIKMX OiACHUX X Ta y.
Bidnogide. f(x)=ae*, ne a = const.

16. (10—11) 3naitnits yci dyukuii f: R\ {-1; 0;1} — R, sKi 3a00BOJILHAIOTH
piBHsIHHA Xf(x) + Zf(i:l—) =1
x+1

, . x . . .
Bkasiexa. Bpaxyiite, 10 BUpa3H X, T AKi CTOATS Mii 3HaKOM HEBiI0-
x+

. x-1 1 x+1| _.
Moi ¢yHkuii f, € ereMeHTaMu rpynu G =1 Xx, T Tx BiTHOCHO oI1e-
x+1° x 1-x

pauii «o» (koMno3uuii ¢pyHK1iit) (1uB. crop. 5). ToMy, 3aMiHUBLUM NOCITiITOBHO

x+1
1 x+1 x-1 1

fl-—| T1a f ) Bukmoyaloun 3 Hei mocnigoBHo f|— |, f|—|,
x

x-1
X Ha =—, — —, =—, IiCTAHEMO CHUCTEMY BiTHOCHO «HEBiIOMHUX» f| (x) fl—1,

x+l X
—-x+1

e

"“, ze xeR\{-L0;1}.

5()

17. (11) 3muaitmite yci dyunkuii f: R\ {0; a} > R, ski 3a10BOJbLHAIOTH
PiBHSIHHS

. He 3aGynbTe 3p06UTH NEpeBipKy.

f (%lc) 3HAXOIMMO: f (x)

Bidnosids. f(x) =

O A

Jle @ — cTaJa, BimMiHHa Bix 0.
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Po3Bp’s3annga

2 .
s a a ax—a
Ocxinbku BUpa3u X Ta —— € CJIEMEHTaMH IpymH G={x; e }
a—-x a-—-x X

! ax-a®

BIZHOCHO orepalill «o», 3aMIHUMO MOCJIIIOBHO X Ha . lictanemo

a-—x X

(BRI )=:;

«f(“x }+f(x)—

. ax-a’ . a’ .
BHKIII04al04H i3 CHCTEMH CITOYATKY f , TOTIM f , dicTaHe-
x

CUCTEMY piBHHHb:

x* -a’x+a’

)

Ilepesipka.

3
2 2
a a
s , -a® +a’
X’ —-a’x+a a-—-x a—-x

2x(x-a) 2[ aa_z

Mo f(x) = ,ae xe R\{0;a},a=0.

[licnst nepeTBOpeHb OTPUMAEMO, 1O PYHKLIsS f (x) 3aJJOBOJIBHSIE BUXiIHE
PiBHSIHHS.

Bidnosids. f (x) = —a'x+a’

X( a)

18. (10—11) 3naitnits yci dyHKuii f: R — R, sIKi 33JOBOJILHSIIOTb PiBHSIHIHSI
af (x-1)+bf(1-x) = ex, ()

e a, b, c — 3anaHi miiicHi uncnaia’® +b* +¢? =0

———— nexeR\{0;a},a=0.
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Po3p’si3anns
3aCTOCYEMO MIACTAHOBKU X — X+1; x = 1—x.

OTpMMaEMO CHCTEMY PiBHSHB:
af(x)+bf(-x) =c(x+1),
af(-x)+bf(x)=c(1-x).

3BifKH 0fepXYEMO, 1110 (a2 -b? ) /(%) =c(a+b)x+c(a-b).

c
Orxe, akio a’ # b*, To f(x)——bx+ > ; akuo a> =b? Ta c# 0, TO
a a+

dbyHKUi#, gKi 3a10BONBHSAIOTE PiBHAHHSA (1) He iCHYE.

SIxwo a=b#0, ¢c=0, To piBusuus (1) Mae Burman af (x—1) =-af(1-x),
TO0OTO, myKaHa yHKILisT — Oyab-ska HerapHa ¢GyHKILis.

Slkwo a=-b#0, c=0, To micranemo, af(x-1)=af(1-x), To6T0 f(*X) —
Oynb-sika mapHa QyHKLis. .

Bionoeids. f(x)——bx+——c—-b-, axwo a® #b*; f(x) we icnye, sKuo
a-b  a+

a’ =b*,c#0; f(x) — Gyas-sika HenapHa QyHKuis, sKuio a=b, ¢ =0; f(x) —
Oyab-sika mapHa byHkuis, saxuo a =-b, ¢ =0.

19. (10-11) 3uaiinits yci ynkuii f:R\ {0;1} — R, fAKi 3a10BONBHSIOTH

pisonn /X )+ f(— _)=

Bkasigka. PO3LIAHbTE €NeMEHTH IPYIH G={g1,g2,g3 }, e g, =

1 x-1 1 x
g, =—, 8, =—, x#0, x+1, B34Ti 10 1Ba, a came g, -g, =X —— =——o,
1-x X lI-x 1-x
I x-1_ 1 L .
8, 8y =——+——=——. 3pOoOMBLIM MNOC/IOBHO IMiICTAHOBKU X —> —— Ta
I-x x x l-x

. f(gl 'g2)+f(g2 ‘g3)=x,

-1 . . 1
X _x_l’ nicTaHeMo cucTeMy piBHsHb: { f(g, -g5)+ /(g5 &) R
x -X

Lf(g3 'gl)"'f(gl ‘gz)=’£§i'
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3Bigcu

_ D) lmxext -x
f(gl‘gz)—f( x) 2x(1-x)

. 1 .
3po6GHUBLIN MiICTAHOBKY X —> ——, HiCTAHEMO
x

X +xt +2x+1

0=

He 3abynsTe n\po MepeBipKy.

3 2
Bionoside. f(x) = X Ax +2x+1

(i) ,ae xe R\ {0;1}.

20. (10). 3Haitnits yci Taki napu uuciaoBux GyHKUINA f i g, BU3HAYEHMX Ha

MHOXMHI BCiX HiiiCHUX YMCEJI, 1O LISl OYAb-SIKUX JiHCHUX YHUCENl X i Y BUKO-
HYETbCS PiBHICTh

)+ 10)+ 809 -8() =2 +37.

Po3p’a3anng
IIpu x = y MaeMo, 1110

_leos
f(x) —E(X +‘:V;).
3BiAcH onepXyeMo, 1o npu Bcix xeRiy eR |
. 1 3\ _ 1 3
g(x)+§(§/;c—x ) —g(y)+—2-({/;—y )
3aJIMIIa€ThCA NepeBipuTH, ito GhyHKLiT
1 Y
f(x) =-§(x3 +i/;), g(x)= a+5(x —i/—)_c)
(a € R — 10oBUTBHE) 3a10BOJIBHSAIOTH YMOBY 3aJayi.
, , 1 1
Bionosids. f(x)= E(x3 + 3/;), g(x)=a+ > (x3 —i/;c)

21. (11). 3naitniTs yci Taki yncaoBi GyHKUII f, BU3HaYeHi HA MHOXHHI BCiX
JIACHMX YMCEJI, 1110 ISl OYIb-SIKMX JiHCHUX YUCET X i Y BAKOHYETBCS PiBHICTh

F(F(X)+f(»)=x"+.
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Po3s’s3anns .
Sikuio noknactu x=0, To gicTaHeMo, IO f( f(y))=y npu Bcix y eR.

Hani, i3 BUXiZTHOT TOTOXHOCTI OHEPXKYEMO, IO

FFF(FR)+£())=(fR)) +»,
a ToMy
F(Fx+1()) =(£()" +2.
Omxe, (f (x))2 =x?, To6TO, npH Bcix xeR | f(x)| =|x| Mpunycrumo, wo
icHy1oTh TaKi f # 0, s # 0, wo f(s) =s, f(f) =—. Tomi
f(—t2 +s) =t? +5,
a ToMy i It2 —-S |= It2 +5 l, wo wistt # 0, s #0 € HEMOXIUBUM. TakKUM YMHOM,

f(x)=x npu Beix xR a6o x f(x)=-x npu Beix x eR. 3anmuimaerscs me-
PEBipUTH, 110 OOMIBI 11i DYHKILii 3a10BOJILHSIOTH YMOBY 3aJa4i.

Bionosios. f(x) =x, f(x)=-x.

22. (10). 3Haiinits yci Taki yHkuii £:N — N, 1110 0OAHOYACHO 3aJOBOJIbHS-
I0Thb HACTYITHi TPY YMOBHU:

D)=L

2) f(n+ 2)+(n2 + 4n+3)f(n) =(2n+5)f(n+) wn Bcixne N;

3)f (m) IiMThest 6€3 octadi Ha f (n) NpU Gyab-sIKNX HaTYPAIbHUX M > .

Bxasiexa. Hexait f(2) =k, k e N. Toni f(3) =7k 8. Ockinbku f(3) : £(2), To
81 k. 3Binku k € {l; 2; 4; 8}. SIxmo k =1, 70 f(3) =—1¢ N. SIKmmo k =2, To 0BO-
(n+2)! N

,neN.

ammo, wo f(n) =n!, n € N. Ao k =4, To foBoaMMO, 1O f (1) =

O6uBi 1i GhyHKUIT, 110 HECKJIAAHO MEePEBipUTH, AiliCHO 3aJ0BOJILHSIOTh YMOBY
sanaui. ko k =8, 1o f(3) =48, f(4) =312. Ane X 312 He ATMTECS Ha 48.

(n+2)!

Bionosids. f(n)=n!,neN,; f(n)= ,neN.

23. (11). Yu icHye BM3HaYeHa Ha MHOXHMHI BCiX AiCHMX YHCEJ YUCIOBA
dbyHK1is f Taka, 11{0 ITpM BCiX X, ¥ € R cripaBIXyeThcs PiBHICTD
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f(x’y+f(x+ y? )) =x+y’ + f(xy)?
Brasiexa. Hexait y =0. Toni f ( f (x)) =x’ + f(0) npu Beix x € R. 3Bincu

BUIUTMBAE, 110 GyHK1ia f HabyBa€ KOXHOIO AiiiCHOro 3Ha4Y€HH TUTBKU OIMH
pa3. JlilicHo, Hexait x # y i npu ubomy f(x) = f(»), Toni

F(f)=f(f() X +f(O=y’ +f()=x’+y’ & x=y.
OTpuMainy npoTupivys.
I3 BUXigHOTO CNiBBiTHOILIEHHS JiCTaEMO, 1O

f(x2y+f(x+y’))=f(y2x+f(y+x2 ))
1pu BCix x, y € R. I3 noBeneHOro BHIlle BUILUIUBAE, 1110
x2y+f(x+y2)=y2x+f(y+x2)
1pu Beix x, y e R. Bepemo y =0 i onepxyemo, mo f(x) =f(x2 )npn Bcixx eR.

AJle 1ie CyTiepeynTh ToMY, 1o ¢yHKUisA f HaGyBae KOXHOTO OiliCHOTO 3HaYEeH-
Hsi TUTBKH OOUH pa3. OTxe, Takux (PyHKILi He icHye.
Bionogids. Takux dyHKLi He iCHYE.

24. (11) 3Haiigits yci oyHKuii f:R\[0;+) —> R, sKi 33I0BONBHSIOTH
pisrsanns In(1-¢* )-F(%) —2x-f(ln(l —e* )) =1

Po3p’a3anHs
3poOHBIIH 3aMiHY X — ln(l -e ), JicTaHeMO pPiBHSHHSA

x-f(In(1-€*))-2n(1-€" ) /() =L

Po3B’sxeMo cucTeMy piBHSHB BiTHOCHO f(x) Ta f (ln(l —e” ))

in(1-¢*)- /(x)-2xf(In(1-¢")) =1,
x-f(In(1-¢*))-2In(1-e*)- f(x) =L,

- 1
3Bi icraHeMo, 110 =—
BiIKM JiCTaHEM f(x) - (1 — )

He 3a6ynpTe 3p0OHTH NTEpEBipKY.

, e X €(—oo; 0).
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Bionosios. f(x)=- , e x & (—0; 0).

1
In(1-¢*)
25. (10—11) 3uaiinits yci dpynkuii £:R\ {0;1} - R, siKi 3a10BONBHSIOTH

x" ~1

piBHsIHHS f((X) +f(" . J= Y1+ x" , ne n — HemapHe 4ucio, n >1.
x

Po3s’a3aHHg

. . . . . x" -1
3po6uMO MOCHIZOBHO Taki 3aMiHM y NAQHOMY PiBHAHHI X —>#|——,
x

1 . .
—. I[lCTaHCMO CUCTEMY PIBHAHBD:

f(X)'l'f[” x" “—1].—.”’1+x",
X
f(" "":‘]*f[# R
X 1-x X
’ 1 _A’Z—x"
Lf(" 1-x" )+f(x)- 1-x"

3BiacH ofepXHUMO, mof(a:):%(\/" I+x" +dz—xn —'sz —1].

1-x -x"

A

ITepeBipkol0 nNeEpeKOHYEMOCS, L0 ofepXaHa QYHKLIis 3a10BOJIbHSIE JaHe

PiBHSHHA.
, , 1{, " 2—-x" 2x" -1
Bidnogioe. f(x)=—=| ¥1+x" +2 —n .
2 : 1-x" x"
26. (9—11) 3Haitnits yci ¢pyHkuii f:R — R, AKi 3a10BOJIbHAIOTh DiBHSIHHSA
2f(x)+ f(1-x)=3-xf(D).

Bkasiexa. 3pob6iTh moCHimOBHO Taki 3aMiHM: x—>1-x, x—>1, x>0
i po3B’AXiTh OlepXaHy CUCTEMY PiBHSIHb CyMICHO 3 JaHUM PiBHAHHAM. Matu-

mere: f(1) =%Ta f(x)= 6 -;3x

. He 3a6ynpTe npo nepesipky.
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Bidnogios. f(x) = 6- 3x

27. (10—11) 3Haiiaite yci HenepepBHi GyHKil f : R — R, IKi 3a10BOJIbHSA-
10Tb piBHAHHS 3 f(2x+1) = f(x) +5x.

Po3p’a3anng

. x-1 .
3po6uBILIM 3aMiHy X — - JiCTaHEMO:

x-1) 5 x 1 *
f(x)= f ( ) 35 *)
BHKOpPHCTOBYI0YM 1110 X 3aMiHy, i3 (*) MOCiZOBHO AiCTAHEMO:

x—l_l x_—-l_l

f(f_l.)=1 2,52
2 3 2 3 2

T06T0/(x—l)_._fx 3+5 (x—B}
2 3" 4 3\ 4
IToMHOXHBUIN OOMABi YACTUHU OCTAHHBOTO PiBHSIHHS Ha %, OEPKHMO;
1 (x-1) 1 (x-3
—_ . +
3f( 2 J 9f( 4 )

1 . x-3 1 x=-7) S5 x-7
57 (T)‘Ef (T)'ﬁ K

...................................................

MeToaoM MaTeMaTUYHOI iHAYKLii JOBOAUMO, IO

x=2" +1 1 x=2"41) 5 x-2"+1
—_ - ===
f ( 2 ) 3 n+l f ( 2n+l ] 3n+l 2n+l

JlomaBuIy MOWIEHHO BCi Lii piBHOCTi, MOYMHa1o4M 3 (*), ZicTaHeMo:

x=2" 41} 5 x-1 5 x-3 5 x=2"" 41
= (¥
f(»= ( J > 52 (**)

3 n+ 2n+l 3 n+l 2/: "



24 B. A. SlciHCbkwnii

BpaxoByiouun HenepepBHicTh GQyHKLUI [, TpU Oyab-aKoMy hiKCOBaHOMY X,
MaTUMeMO

(=50l

3 ymoBH Jierko 3HakTH, o f(-1) = —2.

2

x-2" +1

Toni hm—f —|=0.
n—wo 3 2"""

JliBa yactuHa (**) He 3aJIEXUTH Bill #, TOMY iCHYE il 'pPaHU LS TIPH 1 —> O,

[NepeiiioBiIM 10 rpaHUlli B piBHOCTI (**) rpu 7 — 00, MAEMO:

5 x-1 5 x-3 5 x-2"41
f(x)—!'l_l;g[:—;"T'F;‘T'f' oo + 3'”' +T)

IlpaBa yacTHHa OCTaHHIX TPHOX PiBHOCTEIl € CYMOIO TPHOX HECKIHUEHHO
CMaTHUX FEOMETPUYHHUX ITporpeciii:

§x+ix+...+ > X+ ... =X,

6 36 6n+l

2.3 3 3
39 3 Y
EINE I B
6 36 6™

Tomy f(x)= x—% +1, 10670 f (%) = x—%.

IepeBipka Lie miaATBEPAXYE.

Bidnogioe. f(x)= x—%.

28. (10—-11) 3Haiinite yci HenepepBHi GyHKIi f: R — R, 110 3aJ0BOJILHS-
IOTb DiBHSHHSA f (x2 )+ f(X)=x+x

Po3p’sa3anns
MosHaunsum g(x) = f(X) - x, MaTMMEMO:

g(x*)=-5(»- *)



DyHKLIOHANBbHI PIBHSIHHS 25

Hexaifl x > 0. BuKoHaeMo n pa3iB 3aMiHy x — Jx.Toxi Matumemo:
g(x)=-¢(+x),
-8(vx) =2(¥x),
0" -5(*Yx) =(-1)-8(¥7)
Jlonasium wi piBHsAHHs, Matumemo: g(x) =(-1)" g(zx/;c.)
3poGHBILM TYT 3aMiHy x — /X, JicTaHeMo: g(zﬁ) =(-1)- g(“(/}).
3 ocTaHHiX JBOX PiBHSIHB JiCTAHEMO: g(x) = g(“«/;)

AJe, BpaXOBYIOUHM, 11O x>0Ta HenepepBHicTb GyHKLiH y=Inxi y=e*,
ln( tim "1/?) ”lgrl[ln‘",/;) nnﬂ(ﬁ’%) .

maTiMeMo: limWx=e "~ =e =e"" M4/ = =1.

n—wo

BpaxyBaBiii1 HelepepBHiICTb g(x), rpaHUYHHUM MEPEXONOM J1iCTaHEMO:
&(2) = lims(Vx) =5(im*/x) = 0).

I3 (*) 3naxommnmo g(1) =0, g(0) =0, To6TO Ipu x>0 g(x) =0.

Ocxinbku g(x) — napHa, To g(x) =0 npu Beix mificuux x. OTxe,

f(x) = x— ennHa GyHKLis, AKa 3aI0BOILHSIE YMOBY 3a/Iavi.

Bidnogids. f(x)=x.

29. (11) a) 3HaiigiTe yci nudepeHuiiioBaHi pyHKLii f (O; + oo) — R, axi3a-
JWOBOBHSIOTE PiBHAHHS f(xy) = f(X)- f().

6) 3HaiixiTs yci audepeHuiitoBani GyHkuii £ (0; + ) — R, ki 3a10B0/1b-
nsiotb piBHsHHA f(xy) = f(x) + f(¥).

Po3B’a3anns

a) OueBuaHo, o f(x) =0 — TpuBianbhuit po3s’s3ok. Hexait f(x) 3ano-
nosibHsi€ PiBHAHHKA i f(a) # 0nipu nesikoMy AilicHoMY a, Tom

f(%)- /G) = f(a)#0.

Otxe, f(x) # 0 npu Beix x> 0.
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KpimToro, f(x) > 0 npu Bcix x> 0,60 f(x) = f («/E) f (\/}) >0.3a YMObBOIO
f(x+hn)-f(x)

3agavi, f ’(x) = kl_r)rg————h—-—— icHye nipu Bcix x > 0. Tomy:
f(x(l+%D— RG] f(l+ 1) f(x)
/(9 =lim A = im
h

f(l+—)—1 ( ) -fQ
GO N B (G .

x 0 ﬁ x h ﬁ

x iy x

Ocxinbku icHye f'(x), T0 icHye lim =f'()=0, o =const
—0

X

)0
h

(He 3a7exuTh Bif x). ToMy % = IMoMiTHBILY, IO (ln f (x)) =£f—g)2,
omepXyemo: In f (x) =o-Inx+p, ne B =const. [Ipu x=13Haxogumo f = 0. Tomy,
ocTaToyHo aicraeMo f(x) = x*.

Bidnoside. f(x)=0a6o f(x)=x",ne a = const.

6) CkopucTaiiTech METOJOM PO3B’sI3yBaHHS 3ajavi 28.

Bionosioe. f(x)=0a6o f(x)=log, x,xe o = const.

30. (11) 3uaiinits Bei mudepeHiiioBani yHKuii f: R — R, siKi 3a10BOJIb-
HSIIOTb PiBHAHHSA f ( f(®))=f(»)+=x

Po3p’sa3anHs

PosrsiHeMo Taki nifichi wncma x 12 y, mo f(x)=f(»). Toxi
f(f(x)) =f(/(»))-3 ymosu f(f(x)) = f(x)+ x BuIUIMBaE, WO X = y.

Sxmio x=0, To £ ( f (0)) £(0). Ockinbku i3 piBHOCTI f (x) f(y) Bunm-
Bae, 1o x =y, 1o f(0)=0.

®yukuia f (x) audepeHliiioBaHa, OTXe, HelepepBHa, TOMi 3 TOro, HI0

(x) f(v) BurunBae piBHicTb X = y, onepkyeMo, o f(x) — MOHOTOHHa.
1) Hexait f(x) — 3pocraioua, Toxi npu x> 0 maemo: f(x) > 0.
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PO3IVITHEMO TOCIIiNOBHICTE b, = f ( f ( f(f (a)))), ne a € R, — dikco-

N
n pasis

BaHe YHCIIO.
Otxe, b = f(a), b, = f(f(a)), b, =f(f(f(a))) i T. 1. 3 yMOBHM BUILIM-
Bae, i10
b,=b+a *)

Tab,, =b, +b, LsiBCiXNEN.

ITocnigoBHicThL (b,,) — nocniaoBHicTh PiGoOHAYYi, TOMY

o] ]
1 2 2 ’

" 2

Ie ¢,,c, — const, IKi NOTPiGHO BU3HAYUTHU.
Ockinbku f (x) MOHOTOHHO 3pOCTa€, TO HEBaXKO MOKa3aTH, 1o ¢, =0
(PO3IISTHBTE JOCTATHBLO BEJIMKI 1, apHi Ta HEMapHi).

Otxe, b, =c, '(HfJ g Bcixne N.
2
Ockinbku b, = b, +a,T06TO C, -(Hf) =c2(l+£/§]+ a,T0c, =a.
1
Ockinbku f(@)=b =c, {Hf) = 1 +£/§ a, TO OJIEPXKYEMO

f(»:):»(”f ]

2) ¥ Bunazxy, koin f(x) — cnauHa, MM OIEPXHMO, 1110

c,=0Ta f(x):x-(l—f).
Bidnoeids. f(x)=Ax,10e A= #

31. (11) 3uaiinite yci HenepepBHi dyHKUii f:R — R, siKi 3a10BOJBHAIOTDH

PiBHSIHHA f(x+«y) =f(x) +f(y)+f(x)'f(J’)-
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Po3B’a3annsa
3actocyeMo metox Koiri. 3aMiHIOIOUH y TOCTiOBHO Ha X, 2x, 3X, ..., AicTa-
HEMO:

f@) =26+ @ =(F()+1)" 4,
FB9)=3f(x)+372(+ (D) =(F(%)+1)’ -1,
(40 =(f(®+1)" -lir.a
MeTtonoM MaTeMaTHYHOI iHAYKLii OXepXy€EMO:
f(m)=(f(x)+1)" -1 *

g BcixneN,xe R
Hani, noknasuwu B (*) x=1i nosHaunsum f(1) =a, gicraHemo

f(n)=(a+1)" 1

|

1 * m .

3aminuBiuu B (*) xHa —, e m € N,n € N, oiepXyeMo:
n

-3 -

Kpim Toro, f(m) =(a+1)" -1.3Bixck, BpaxoByiouH, 1110

1+ £(%) =(1+ /GD2 >0, ‘
f(%)=(a+l)€' -1 \

OTXe, V1S TOJATHUX PaLliOHATbHIX YMCEJI X PO3B’I3KOM JaHOTO PiBHSIHHS
6yne f(x)=(a+1)" -1

Hexait Tenep x — noBiIbHE JOJaTHE ippallioHasbHE YMcio. Bizomo, 1o
iCHye NMOCIiOBHICTb JOAATHNX PAlliOHATIbBHUX YHCEIL,, 7y 5 ...y P,y 4 ..., TAKHX, 11O
limr, =x.

n—oo

MaeMo

OTXe, BpaXOBYIOYM HeMepepBHicTh QyHKLii f, MaTUMEMO, LIO



DyHKUIOHANBHI PIBHSHHS 29

f()=limf(r,) =lim((1+a)" -1) =(1+a)*™" -1=(1+a)" -1
JUISI BCiX JOJATHUX ippallioHaJIbHUX X.
Orxe, f(x)=(1+a)" -1, x>0,xe R

TMoxnasuru B ymosy x = 0, gicrauemo f(y) = £(0)+ /() - £(0)f(y), To6TO
£(»)=-1a60 £(0) =0.

IIpu y =—-x, x> 0,3 yMOBU 3HaXOAUMO
0=£(0) = £(x=%) = F()+ F(-) + F(3)-F () -
=(+a) —l+f(—x)+((l+a)x -—l) f(=%)=(1+a)" -1+ f(-x)-(1+a)".

3Bincu

f(- x)—l(l(H;) (@) —L x>0,
10610 f(y)=(1+4a)” -1, 11DM Y <O.

IlepeBipkol10 BIEBHIOEMOCS, 1110 00MABI DYHKIIT € pO3B’A3KaMH AAaHOTO
PiBHSTHHS.

Bidnoside. f(x)=-1a6o f(x)=(1+a)" -1,1e a=const.

32. (11) 3Haizite yci HenepepBHi GyHKLIT f: (0; + oo) — R, AKi 3a10BOJIb-

F(970)
F()+£(v)

HSIOTh PIBHAHHS f(x+ y) =

Po3B’a3aHns
CxopucraeMocst MmetonoM Kouui. 3acTocyeMo nociigoBHO 3aMiHy y Ha X,
2x,3x,... AicTaHEMO:

/()

10919, 59 LRI 1) _10)

f(x)+f (2x) 3f (x) 3
(-1 _ (0 _f().
f( )+f(3x) 4f(x) 4

b

f(4x) =

T. O.

OTxe, oIepXYy€EMO:

7y =18, ¢
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Ui BCix ne N, xe(O; +oo). PiBHicTp (*) HEBaXKO JOBECTH METONOM MaTe-
MaTUYHOI iHOYKLii.
Q)

IMpu x =1, piBHicTs (*) Mae BurIAN: f(n) =—=%, nosHauumo f(1) =a.
n .

15)

. m
3aminuBuiu B (*) x Ha —, e me N, ne N, ogepxyeMo: f(m)= s
n n

. a . m) a .
kpim Toro f(m) =—. Toxi micTanemo: /(—) =—,0TXe, ISl NOJATHHUX paLio-
m \ n) m
n

HAJIHUX YHCEJT X PO3B’I3KOM IaHOTO PIBHSHHS € f(x) =—

Hexait Tenep x — noBUIbHE HomaTHe ippalioHajibHe 4ucno (Jus. npu-
kaao 31).
BpaxoByloun HenepepBHicTh dyHKuii f(X), nicranemo:

f(x)-hmf(r )= im%-=_¢9 _¢

noxp o limr, X
IUISL BCiX JOOATHUX ippauiouanbunx X.
Orxe, f(x) == x>0 a=f(1).
. a .
TMepeBipkoio BrIeBHIOEMOCH, 1O f(x) == — lIyKaHa GYHKLLis.
x

. , a
Bionogios. f (x =—, Ie a = const. .
x

33. (11) 3uaitnite yci dyHkuii f: R — R, aki HenepepBHi B Touli x =0 i 3a-
JOBOJBHSIOTH piBHsHHS f(x+ y) = f(x)+ f(¥) + xy.
Bxkasiexa. 3actocyiite Meton Koii. .

1
Bidnoeids. f(x) =ax+ x(x—;), a = const.

34. (11) 3uainits yci dyHkuii f: N — R, gKi 3a0BOJNBHAIOTh TaKi YMOBHU:
D f (1) =3,
2) f (2) =7,
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3) f(n)=3f(n-1)-2f(n-2) mpu BCixne N,n>2.
Po3B’a3annsa
O6YucIUMO

0) =3f(2)-2f(1j=21-6 =15=16-1=2* -1,
f(4)=37(3)-2f(2) =45-14=31=32-1=2° -],
f(5)=37(4)-2f(3) =63 =64-1=2° —liT. 1.

Mpunycrimo, wo f(n) =2"" -1.

MeTtogoM MaTeMaTMYHOI iHAYKLIi JOBeAEMO, 1O lyKaHa QYHKLis Ma€
warnsin f(n)=2" -1, nen>3,neN.

basa indykyii: f(3) =15=2* -1.

Kpox iuayxu}‘ii [Mpunyctumo, wo Wi BCiX a <k BUKOHYEThCS PiBHIiCTh
f(n)=2"" -1

JloBenemo, 1110 Toi BAKOHYEThCS Taka piBHiCTb: f(k +1) =242 1.

3a yMOBOIO 3a1a4i Ta KpOKOM iHIyKIlii, AicTaHEMO:

fe+1) =37 (k)21 (k-1)=3(2* -1)-2(2* -1) =
=3.28 _3-2.2F 42=2%2 ],

110 | TOTPiOHO JOBECTH.
Bidnoside. f(n)=2"" -1, neneN.

BnpaBu n1s camocTiiiHOro po3B’A3yBaHHsA

I. 3Haitty Bei yHkuii £ Z — Zaki, wo f(0) =11
F(f(m)=f(f(n+2)+2)=nmascixneZ
Bionosids. f(n)=1-n, das ecixneZ.

2. 3naiitu Bci dyHkuii £:N — N Taki, mo f(m2 +f(n)) =(f(m))2 +n
Juig Bcixm, neN., ‘

Bionosids. f(n)=n, nns Beix n e Z.
3. 3naitty Bei dyHkuii £:Z — ZTaki, wo f(m+n)+ f(mn-1) = f(m) f(n)+2

Juist BCix m, ne Z.
Bionoside. f(n)=n’ +1, 0nn ecixne Z.
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10.

11.

12.

. 3HaiiTu Bei dynkuii f:R\ {01} - RTaki, mo f(x)+ j(—l-)

. 3HaiiTn Bei pyHkuii f:Z — Ztaxi, wo f(m+n)+ f(mn-1)= f(m)f(n)

s BCixm, ne Z.

Bionosios. f(4m) =1, f(4m+2)=-1, f(2m+1)=0, w1 Beix m € Z;
F@my=1, f(3m+1)=-1, f(3m+2) =0, s Beix m € Z;
f(m)=m+1, nns scix m e Z.

. 3uaitty Bei dyukuii £:Z — Z1axi, wo f(m+n)+ f(mn-1) = f(m) f(n)+1

I Bcixm, ne Z.

Bidnosids. f(2m) =1, f(2m+1)=0, wist Bcix m € Z;
f(m)=m+1, s Beix m € Z;

f(m) =1, st BCix m e Z.

. Uu icye Taka Gynxuis R — R, o ans Beix gificHux x f (l+ f(x)) =1-x

{(7(9) =2
Bionogios. Hi, He icHyE.

X

1-x
s Beix x €R\ {0,1}.

3
Bidnoside. f(x)= X —x+l

2x(x-1)

, s Beix x eR\ {0;1}.

. 3HaitTH Bci dyHkuii f:R — R Taki, 10 f ( F)+y2) =x+f(»)/(2)

IUISA BCiX TiCHUX X, Y, Z.
Bidnogide. f(x) = x, mns Beix x eR.

. 3Haiitu Bci dyHKuUii £:R — R Taki, mo f(y +q’(x)) =f(»)+x(z)

IS BCiX TiHCHUX X, Y, Z.

Bidnogids. f(x) = x, s Beix x eR.

3Haiity Bei dyHkuii £:R — R Taki, mo f(xf(z) + f(y)) =g(x)+y
JUIS BCiX MiHCHMX X, Y, Z.

Bidnogids. f(x)=x, 0as écix x eR.

3uaiity Bei dyHKuii £:[0;+ ) — [0+ ) TaKi, w0 f ( f (x)) =12x-f(x)
U1 BCiX HEBII’EMHHUX AiMCHUX YHCEII X.

Bidnosids. f(x)=3x das ecix x & [0; + ).

3naitti Bei PyHKLUT f:R — [0 + 0) Taki, mo

f(x*+y?)=1(x* -y )+ f(20)
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13.

14.

15.

16.

17.

18.

19.

s Beix x, y eR.
Bionogide. f(x)=cx’, s Beix x eR, ¢>0, ¢ =const.

3Haittn Bei dynkuii £R — R Tai, wo xf(x) -y (») = (x-) f(x+)
Ui Beix x, y eR.

Bidnoeide. f(x)=cx+d, mis Beix x R, ¢ =const, d =const.
3Haiitu Bci dyHkuii f:R — R Ttaki, mo

S(x+y) =D () ()
s Beix x, y €R.
Bidnosios. f(x)=0; f(x)=1; f(x)=-1

3Haiitn Bci PyHkuii f:R — R Taki, o

A7) +2) =5 +70)

s Bcix x, y €R.
Bidnosios. f(x) = x, s Beix x eR.
Hexait n>2 — 3agaHe HaTypajibHe yucio. 3HaiTu BCi' dyHKuii f:R - R

TaKi, 1o f(x+ y" ) =x+(f(y))"

Iuis BCix x, y €R.

Bidnogide. f(x) = x, w1s Beix x eR.

3Haiitu Bei dyHkuii £:R — R taki, wo f(x+y)-f(x-y) = f(%)f(»)
i Beix x, y eR.

Bidnoeids. f(x)=0.

3Haiity Bei dyHkuii f:R — R Taki, mwo

f(f(x+9))=f (x+ )+ f(Df () -2

s Beix x, y €R.
Bidnosioe. f(x)=x, nns BCix x eR.

3waitty Bei dyukuii £:R \ {0} — R Taki, mo 1 f(=x)+ /(l) =x
x x

JUIS BCix aiicHux x # 0.

3
Bionosids. f(x) = L+x

o JUIA BCiX gicHux x # 0.
X




®OYHKUIOHAJIbHI PIBHSAHHSA i-lA MDKHAPOAHUX |
MATEMATUYHUX OJTIMNIAAAX LUKOJISAPIB

1. (19-ta MMO, 1977). Hexait q, b, A, B— naHi aiiicHi yucia. PosrstHemo
dyHkuito f(x) =1-acosx—bsinx—Acos2x— Bsin2x, JoBecTH, W0 SKIIO
f(x) =0 s 6yap-akoro HiiicHoro x, To a* + b* <2, A> + B? <1.

Po3n’sa3anns
Cnoyatky neperBopuMo GyHKuUio f(x):

f()=1-+a® +b* cos(x—x) -V A* +B* cos2(x—x,).

IoriM po3risiHeMO 3Ha4eHHA yHKIII y Toukax x, i x, +m Cyma nepmoro]
i TpeTHOro JOMAHKIB y KOXHIH 3 LIMX TO4OK HopiBHIOE 1 —v A% + B? | a npyruifi
JIonaHokK abo piBHUIA Hymio, ab0 MpUitMae B UMX TOYKAX 3HAYEHHS, SIKE Ma€
pi3Hi 3Haku. 3BiIcHM B cUy HeBix’eMHocti GyHkuUii f(x) BUIUIMBaE, 1Of

NA® +B* <L

Po3rnanemo tenep 3HayeHHs GyHKUII (%) y TOUKaX X, —g ix+ Z- Hepmiﬁ

2 ' .
JIBa JIOMAHKH JAIOTh B 000X LIMX TOYKAX 3HAYEHHS 1—%4 a® +b*, a mpyruit fo-
JIaHOK abo piBHMIT HymI0, a00 NpuitMae 3Ha4eHHS, K€ Ma€ pi3Hi 3Haku. B cuy]
. . 2 .
HeBin’eMHocTi byHKUIT f(X) oTpuMyeMo, o1 ——J;-V a® +b* >0; 3Bincu BUTLIIH-

Bae,va’ +b* < V2. 3a3HayuMo, 110 BKa3aHi 0OMeXXEHHS € HEOOXiTHUMH, ajie He
€ IOCTaTHIMM YMOBaMM.

2. (19-ta MMO, 1977). Hexaii f(n) — dyHKIIis, BU3HaUeHa HA MHOXWHi
HATYpaJIbHUX YMCEJI i MpuitMae 3HaYeHHS Ha it xxe MHOXMHI. JJoBecTH, 1w
SIKILIO JUIA KOXHOTO 1 BAKOHYEThCA HEpiBHICTD f(n+1) > f(f(n)), TO ISt KOX
HOTO # Ma€ MicLe piBHIicTb f(n) =n.

Po3B’a3anus
I1s1 3a1a4a € 1iKaBOIO i BaXXKOIO BITPaBOIO Ha BUKOPHCTAHHSA MAaTEMAaTUYHO]
inaykuii. OguH i3 UUISXiB JOBEJEHHS NiiCHO AyXe KpacuBoro (akrty, IKU
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3HAXOIUThCH B YMOBI 3alayi € TaKHii: CITIOYaTKy JOBEIEMO HAaSIBHICTh JESAKOI
«MOHOTOHHOCTI» (YHKILIi, a TmOTiM, BUKOPUCTOBYIOUM IIe, IOBEAEMO
MOTPiOHMIt (akT.

BkazaHa <«MOHOTOHHICTB» (DOPMYNIOETbCS HACTYITHUM YHHOM: JUIA
Oynb-sSIKOro HaTypaJIbHOTO YUCa k i BCIX HATYPaJIbHUX YUCEIT A > k TIPaBWIbHA .
HepiBHICTE f(n)>k. [oBemeHHS 1BOrO TBEPMKEHHS 3OiHCHIOETBCA 3a
ingykuieto. st k =1 TBEepIKEHHs, O4EBUIHO, MPAaBUIIbHE, OCKUTBKU (DYHKILis
f(n) npuitMae Juiie HaTypaabHi 3HaueHHs. Hexail TBepIXeHHS NpaBUJIbHE
[utg yucina k. PosrisiHeMo unciio # 2> k +1; Toni n—1 2 k i Ha OCHOBI MpUNYILEH-
Hs iHgykuii f(n-1) 2 k. Ockineku 3a ymoBolo 3amaui f(n) > f(f(n-1)), To
f(n)>kabo f(n) >k +1. TakuM UYMHOM, NONEPEIHE TBEPIKEHHS HAMU JOBE-
IEHO. 3 HBOTO, IK OKpEMHUI BUTMAI0K, BUIIMBAE, IO VIS BCiX HATYPATBHUX Kk
Mae€ Micue HepiBHICTD f(k) 2 k.

IMepeitneMo 10 JOBEAEHHS OCHOBHOI'O TBEPIXXEHHs. My ToBenH, U0 1A
BCiX HaTypaJIbHUX YMCeJ K BUKOHYEThCS HEpiBHIiCTB f(k) > k. Ilpumyctumo,
110 iCHY€E HaTypaJIbHe YHUCJIO m, IUid aKoro f(m) > m. [1osHaunumo yepe3 A MHO-
XUHY uucen f(n), ne n>m, a uepe3 [ = f(p) HAMEHUINIA eTEMEHT MHOXWUHHI
(moBeneHHS iCHYBaHHS HaWMEHILIOTO €JIEMEHTA B IIIMHOXHWHiI HaTypaJbHUX
4yyCceJl TPYOHOIIIB He BUKIMKaloTh). ITokaxemo, mo f(p-1)>m. HiiicHo,
OCKiTbKM p—12m, TO y BUNAAKY, KOMU p—1>m, 1e TBEPIKEHHS BUILIUBAE,
3toro, wo f(p-1) 2 p—1, a B BUNAAKY, KoK p —1 = m, — 3 HepiBHOCTI f(m) > m.
PosrisitHeMo HaTypasibHe yucio g = f(f(p—1)). 3 BuLIECKa3aHOrO BUILIMBAE,
110 ¢ HAJIEXUTh MHOXWHI A; OCKUJIbKM NMOBMHHA BUKOHYBAaTUCh HEPiBHICTb
f(p)> f(f(p-1)), 10 g </, auie cynepeynuTsb TOMY, 1110/ — HAHMEHIIU €JIEeMEHT
MHOXHHH A.

OTXe, MM IOBEJTH, 1110 IPUTTYILEHHS f(m) > m HenpaBUJIbHE i IUTS BCiX Ha-
TypaJIbBHUX YMCEJI 1 Ma€ Miclle piBHIiCTb f(n) = n.

3. (22-ra MMO, 1981). Bimomo, 110 dyHkuia f(x,y) L1 KOXHOI napu
IIIJIMX HEBiI’EMHUX YHUCEJI X, Y 3aJ0BOJIbHSIE YMOBU:

a) f(0, ) =y+];

0) f(x+1,0 =1 (x1);

B) f(x+L, y+1)=f(x, f(x+1,y)).
3HaiiTi 3HaYeHHd f(4, 1981).
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Po3p’sa3anns .

Ines po3B’si3aHHs MMOJISIra€ B HACTYITHOMY: PiBHICTB (B) 3 YMOBH 3a/1ayi 104
3BOJII€ MOCJIAOBHO 3HAXOMUTH PEKYPEHTHI CNiBBiIHOILIEHHS, AKi 3B’A3YIOTH
3HayeHHA f(x,, y)i f(x,, y +1) npu x, =1, 2, 3, 4. 3a IONOMOroI0 HUX, 3HAI0Y
3HayeHHA f(x,, (), HeBaXKo BUBECTH GopMyaH Wis f(x,, ¥), 3aCTOCOBYIOY
IOCHTb CTaHAapTHi mpuidoMu. OQopMICHHS L€l inei HaBOAMTBCH HIKYE]
(undpa, AKa CTOITH MiJ 3HAKOM PiBHOCTi, BKa3ye HOMEp BUKOPHCTaHOI hopMy-
Jin). g 3py4HOCTi epenuileMo yMOBY 3aJayi: ]

fOy)=y+l, (1)
F(x+1, 0 =f(x1), (2
S(x+Ly+1) =f(xf(x+Ly)). 3
1°. Iincrapnsiouu B (3) x =0, 3HaX0AUMO: )
SOy+) =10, f0, )=/ ) +1 C))
HoBenemo 3a iHOyKLi€10, 1110 '
AL y)=2+y. 5)

Maewmo:
fa, 0)(7)f(0, D=1+1=2+0.

IMpunyctumo, wmo f(l,n)=2+n Tonmi BHacmigok (4) omepXxuMof
f,n+)=f(1, n)+1=(2+n)+1=(n+1)+ 2, wWo it noTpi6HO Oy/I0 NOBECTH.
2°. MMincrapnsioun B (3) x =1, 3HaXoANMO:

F@y+D = f, fQIN 5 f 2 ) +2. (©)

JloBenemo 3a iHOyKUi€10, 1110
f(2,y)=2y+3. )]
HiitcHo, npu y =0 Maemo: .
[, 0)(7)f(l, 1)(-;-)2+1 =2-0+3.

Hexait f(2, n) =2n+3. Toni
fQ, n+l)(?)f(2, nN+2=02n+3)+2=2(n+1)+3.
3°. MMincraenaioun B (3) x=2, oTpuMy€EMO:

G y+D 52, £, 1) 520, )43 ®)




PyHKUiOHaNbHI PIBHAHHA HAa MiIXHaPOAHMX MaTeEMaTNYHNX ONliMIiafax LKONSpis 37

. 3HaiineMo crioyaTKy 3HauyeHHs f(3, 0):

fG.05/2,D=5.

Tomy
fB,y+D)=2-(..(2-(2:5+3)+3)+..)+3,
y mBiliok
3BiIKH
fGy+D)=52 +3(1+2+..+27")=8.22 -3=2°" _3, )

4°. IMincrasnsioun B (3) x =3, oTpMMyeMoO:
f@4,y+)=1G, f4, y))(;2"“"”3 -3. (10)

Otxe,

f@4,0=f3,=2"-3=2" -3,

BukopucroByoyH piBHicTb (10), JIerko 1OBECTH METOAOM iHAYKIIii, 110

2

f@,y=2* -3
1€ MOKa3HUK MICTUTB y + 2 NBiHKH.
Bionosids. f(4,1981) =2* z -3
(y MOKa3HUKY 1983 nBiitku).

4. (23-1 MMO, 1982). OyHK1ia f(n) BU3HAUEHA I BCiX HATYPAIbHUX 7
i mpuitMae L1l HeBia’eMHi 3HayeHHs. Bimomo, 1o f(n) 3am0BOJIBHSIE TaKi
YMOBM:

a) f(m+ n)— f(m) - f(n) npu Gyab-AKUX m i n npuitMae 3HayeHHs 0 abo 1;
0) f(2=0;
B) f(3)>0; ,
r) £(9999) =3333,
3Haiitu f(1982).
Po3B’sa3anHs

[lincTaBnsAio04M B YMOBY 3HaYeHH m = n =1, 3HaxoauMo f(1) =0. [Tigcras-
JISIIOYH B L0 X YMOBY 3HOBY 3HayeHHs m =1, orpumyemo f(n+1)—f(n) =0,
10670 pyHKLiA f — MoHOTOHHA. Ockineku f(1) = f(2) =0,a £(3) >0, To f(3) =1.
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BukopucToByous iHAYyKILil0, JIerko noka3sary, mo f(3k) > k, s 6yab-saKoro
k, i AKIIO I IeSIKOTO HOMepa K LS HEPiBHICTh CTpOra, TO BOHA SIBJISIETHCA
CTporoio Ju1d BCix Ou1b1X HoMmepiB. ToMy 3 ymoBH (r) BUIUIMBaE, o f(3k) =k
it BCix 1 <k <£3333. TakuMm unHOM, 660< f(1982) <661. IIpumycTumo, 1o
f(1982) =661. Toni mns 6ymb-axux m, /i k Bupas f(m+1+k)— f(m)—f() - f (k)
MMOBUHEH NpuitMaTi 3HayeHHs 0, 1 a6o 2. ITincraBngioyu B Lieit BUpa3 3HaYEH-
Ham=I[=k =1982, 6aunmo, m101982-3-661nopisHioe 0, 1 a6o 2. I3 orpumaHoO-
ro NpOTUpivYs BUIUIKBAE, 110 f(1982) =660.

Bionogios. f(1982) =660.

5. (23-ta MMO, 1982). 3HaiiTH Bci Taki GyHKuii £, IKi BU3HaYEHi HA MHO-
XuHi R* mopaTHux QificHUX yKce i puitMaloTh 3Ha4eHHS B R, ia IKuX BU-
KOHYIOThCSI YMOBM:

a) f(xf(y)) = yf(x) npu 6ynb-aKUX JOAATHUX X1 y;
6) f(x) > 0npu x — .

Po3B’a3aHHs

Ocob6auBicTh JaHOi 3amayi MoOJiIATa€ B TOMY, IO I il PO3B’SI3aHHS
MOTPi6GHO 3HAUTH BCi HEPYXOMi TOUKHU Bimo6paxeHHs [, TOOTO TaKi 3Ha4YEHHS
aeR*, wo f(a)=a. )

IpunycTUBLIN, IO X = Y, i3 YMOBH (2) 3Haxomumo, o f(xf(x)) = xf(x),
TOOTO I OYIB-IKOTO X 3 00JIaCTi BU3HaYeHHS Xf(x) — HepyxoMa To4ka f.
3HOBY 3aCTOCOBYIOYM YMOBY (@) Uil OyAb-sIKOI HEPYXOMOi TOYKM @, OTPH-
MYEMO:

f@*)=f(af(@)=af (a)=a’.

3a iHAYKII€I0 JIerko A0BOAUThCS, 1o f(a”) =a" npu Oyab-aKOMY HaTy-

pasibHOMY A. JlilicHO, ‘
f(@™)=f(a-a")=f(af(a") =a"f(@)=a" -a=a""

3Biacu BUILUIMBAE, 110 a <1. AiliCHO, MPUNYCTUBILLH, IO g > 1, OTPUMYEMO:
SKIO 1 —> 0, Toa” = i f(a")=a" — . Lle cynepeunts yMOBi (6).

IMTomitTHMO Tenep, IO

a=f(a)=f(1-a)=f{-f(a)=af D).

Ockinbku a # 0(a €R*), To f(1) =1. Maemo:
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I1=f)=f(a"-a)=f(a"' f(@) =af (a”),
T06TO f(@")=a™.
Baarani, f(a™")=a™". [loBeneHHS 3a iHAYKILII€I0 OYEBUIHE:
f@=f@*a"=a" f@)=a" a" =a"".

OTxe, a He MOXe OyTH i MEHILIe 32 OAMHULIIO: SKIIO g <1, TO MOCTiZOBHOCTI
a™if(a™")HeoOMeXeHO 3pOCTaloTh NMpH # — 0. ToMy a =1, To6TO Xxf (X) =115

. 1 . |
Oyap-axoro x e R* i f(x) =—. OueBuaHo, 1wo DyHKLUis f(X) =— miicHO 3a10-
x x
BOJIbHSIE YMOBI 3aJ1ayi.

Bionosios. f(x) = l
x

6. (27-ma MMO, 1986). 3Haiitit Bci dyHKUiT £(X), SKi BU3HAYEHi Ha MHO-

XHUHi HEBII’ EMHMX JIMCHMX YMCe, 1[0 NPUMAlOTh 3HAYEHHS B il MHOXMHI
1 3aI0BOJIHAIOTH YMOBU:

a) f(f(»))- £(¥) = f(x+ y) L1s BCiX HEBIL’EMHMX X1 y;
6) f(2=0;
B) f(x) # 0mns Bcix 0< x< 2.
Po3B’a3aHns
[Mpunyctumo, B yMoBi (a) y = 2. ani, BpaxoBy1ouu yMoBY (6), OTpUMyeMO
f(x+2)=0 mna Oymb-akux x>0; BpaxoBylo4M YMOBY (B), MaeMo
f(0)=0< x=>2. Hexait 0< x< 2, Toxi

F(2=2-f)-f() =f(2-x+%=0,
BiAMOBIIHO,
f((2-0-f(0=01i (2-%-f(0 22,
1 2-x
TOOTO —— < ——.

f 2

Hexait rerep 0< x< y <2, Tomi

(-2 fO=f(y-x+x)=[f(y)#0,
i Tomy F((y =) f(2) % 0, (y—2)- F(¥) <2, To6T0 2L =X < 1,
-2 f(
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Maloyu Ha yBa3i, 110 JUIg OYIb-SIKOTO y Ha MPOMIXKY (x; 2) MaeMO:
yox 1 < 2-x :
2 f(» 2

)

TO 3BiICH OIEPXYEMO, 1[0 —l— = 2— abo f(x) = —2—2——
X

f 2
OTtxe, f(x)—a—xnpn0<x<2 , f(0)=0 npu x=>2.

Jlerko nepeBipuTH, 11O YMOBH 3a/1ayi 1S 3HAAeHOT PYHKLIiI BUKOHYIOTBCS.

Bidnogids. f(x) = ?2—— nmpu 0<x<2, f(x)=0 npu x=>2.
-Xx

7. (28-ma MMO, 1987). Hexait N, =0,1, 2, — MHOXHHa ULIUX

HeBio’eMHUX yucell. JloBecTH, 10 He icHye ¢yHKuii f: Ny — N, Takoi, 1o
S(f(n)) =n+1987 nnsa 6yab-sxoro 3Ha4eHHsA n € N,,.

Po3B’s3anns

Inest po3B’si3aHHs MoJiATaE B HacTynmHoMmy. BkazaHa ¢yHKUiA f Ha MHO-
XMHi Z,5, KaciB IMLIKiB 3a MoaysieM 1987 iHayKye QyHKUIIO [ Z o0, — Z,4q,,
sIKa Ma€ BJIaCTUBOCTI: f* =id, f(X) # X W15 GyAb-SIKOTO X € Z 457 » 110 HE MOX-

JIMBO B Culy HemapHocti uucia 1987. Ilepeitmemo Temep HO AETaJbHOIO
po3B’sA3Ky. SKio Taka ¢pyHkuis f icHye, TO

S(n+1987) = F(f(f(n))) = f(n) +1987
s Oynp-sxkoro neN,. 3iacM 3a iHOYKUIEIO OTPUMYEMO, WIO
Sf(n+1987k) = f(n)+1987k nna 6ynp-sakux k,ne N,.
Po3srnsinemo nosinbHe yncio 0 < r <1987. Posninumo f(r) Ha 1987 3 octa-
veio: f(r)=1+1987k, k € N, 0<I <1987. lani orpuMyeMo, 1110

FU)+1987k = f(I +1987k) = f(f (r)) =r +1987.

Yucino k Moxe npuitMaTH TUTbKY 3HaYeHHs 0 a6o 1, OCKiTbKM B TPOTHIIEX-
HOMY BUITaiKy OIEPXYETHLCS NMPOTHPIYYs 3 yMoBOIO r <1987. OTxe, abo f(r) =1
npu k =0, ado f(/)=r npu k =1. B 0060x Bunagkax / # r, OCKUIbKU iHaKIe
MIPUIIEMO IO CYTIEpEYHOCTi 3 yMOBOIO f(f(n)) =n+1987.

TakuM YMHOM, MM OTPUMAIH pO36UTTA MHOXMHM uucen 0, 1, ..., 1986 Ha
napu /, r, ne a6o f(r) =l, abo f(l)=r, | # r, 110 HEMOXIINBO, OCKLUIBKYU YHUCIIO
1987 nHenapue. OTXe, yHKILis 3 3aJaHUMH BJIaCTUBOCTSIMH HE iCHYE.
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8. (28-ma MMO, 1987). Hexait f(x)=x* +x+p, p e N. JloBecTH, 110

axuo Bciuncna £(0), fQ), ..., f Ii\[% ]— MPOCTi, TO MPOCTUMMH € B3araji BCi YuC-

na £(0), fQ, ..., f(p-2).

Po3s’a3anns

3a ymoBolo p = f(0) — mpocTe Yucio, OTXe, p =2. 3po3yMiJio, 10 cepex
3HauYeHb MHOTOWIEHa f € cKjIaleHi yucia, Hanpukian f(p). Bubepemo Haii-
MEHIIIe HaTypaJIbHE YUCJIO y, IS SIKOTO f(y) — CKiafieHe, i M03HaYMMO Yyepes g
HaliMEHLIHUI MpocTUit AibHUK yucna f(y). [Ipunyctumo, mo y < p—2. Toni

g<JfO) <\(@-2 +(@-2+p <p.

Posrstnemo pisuuo f(y) - f(x) =(y —x)(x+ y +1). AAkmo xnpobirae 3Ha-
yeHHd 0,1, ..., y—1, To y — x npobirae 3HaueHHs 1, 2, ..., y, a X+ y +1 — 3HaYeHHS
y+1, ..., 2y. TakuM UMHOM, Yy BUIaAKy ¢ <2 3HaigeTscs yucio x, 0< x< y,
s sikoro f(y)—f(x) ninutbes Ha ¢, i, oTke, f(X) AiUThCS Ha ¢. Alle yepe3
BuGip y uucno f(x) mpocre, ToMy f(x)=g, LI0 HEMOXJIMBO, OCKIIbKMU
g<p<x*+x+p=f(x).Otxe, q>2yaboqg>2y+l.

OCKUTBKM ¢ HalfMEHIIM# TpocTHit HiNbHMK f(y), To f(¥)=gq*, ToMy
y2+y+p24y’ +4y+1, T06T0 3y’ <p-3y<pi y<\/§. Ane Toni, 3rigHoO

3 yMOBOIO f(y)— npocte ynucno. OrpuMaiy NpoTUPivYs, siKe MOKa3ye, 110 pU
y < p-2 uncno f(y) He Moxe 6yTH ckianeHuM. Lle 3aBepiirye po3B’a30K.

BuKOpHCTOBYIOYM PE3YyJIbTAT L€ 3a1aui, NEPEKOHAEMOCH, LII0 3HAYEHHS
f@0), fQ), ..., f(39) MHorouneHa f(x)=x>+x+41 € IPOCTUMM 4YHCIAMH.

HiiicHo, uncna f(0) =41, f(1) =43, f(2) =47, f(3) =53 — npocri i yepe3 oTpu-
MaHUil pe3yJNbTaT Aaji MepeBipaTH He MOTPiOHO, OCKUIbKM 4 >\/?. Binbiiie

toro, f(-x)=x> —x+41=(x-1)> +(x-1)+41=f(x-1), TOMy MHOro4ieH
x? + x+ 41 HabyBae MPOCTHX 3HAYEHb i IpU x=—1, -2, ..., —40. 3 MHOrouJeHa
x? + x+41 3a JoMoOMoOrolo NiHiifHOI 3aMiH¥ 3MiHHOI OTPUMYEMO MHOTOYJIEH
£(x) = x? =79x+1601, y sxoro 3naueHus g(0), g(1), ..., £(79) — npocTi umcna. Li
\yJIOBi BJIACTUBOCTi MHOTOWIEHa x> + X+ 416ynu BinkpuTi B XVIII cT. JIeonap-
lom Eitnepom.
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N .

KpiM BUnagKy p =41, yMoBYy pO3IJISIHYTOI 3aa4i 3a10BOJIbHSI0Th MHOTO-
unenu x> + x+pnpu p =2,3,5,11,17. Hesimomo, 4y iCHyIOTb 1€ TaKi MHOTO-
uneHHu. BinoMo TuTeKH, 1o npu p <10° | KpiM 3a3HaYEHMX IIECTH MHOTOWIEHiB,
XOJIEH He 3aI0BOJIbHSE YMOBY 11i€i 3anayi.

JI. Eitnep nokasas, 110 He iCHye MHOTOWIE€Ha JOAaTHOTO cTeneHs P(x), yci
3HaueHHs sikoro P(0), P(l), ...— npocTi uucia.

Pa3zoMm 3 TMM € rimoTre3a npo Te, LI0 3a BUKIIOUYEHHSM TPHUBIaIbHHX
BUMAIKiB OyOb-IKMH MHOrowieH 3 UUIMMH KoedilieHTramMmu HaOyBae
HeCKiHYeHHO 6araTo NpoCTUX 3HaueHb. Ls rimoTe3a Mok 1110 foBeAeHa TUTbKH
JUISS MHOTOWIEHIB nepuioro creneHs (teopema dipixie). Ha 3aBepieHHs Ha-
BE€JIEMO ILIe OJTHY TinoTe3y, MOB’A3aHy 3 0OrOBOPEHOI0 TEMOIO: WIS GYAb-SIKOTO
HATYpaJIbHOTO YMCJIA 7 iCHYE MHOTOWIEH f(X) =X’ + X+ p, 3HAYEHHS SIKOTO

fQ0), £Q), ..., f(n) € NPOCTUMM YHCIJIAMHU.

9. (29-ta MMO, 1988). ®yHKUis / BU3HAYUEHA HA MHOXHMHI BCiX JOHaTHUX

UUTHX YUCe i 33a10BOJIBHSAE YMOBHU:

a) fh =1

6) f/3)=3;

B) f(2n) = f(n);

1) f(4n+1) =2f2n+D) - f(n);

K f(4n+3)=3f(2n+1)-2f(n).
3HaiTH KUIBKICTB YCiX TaKUX 3HaYeHB n, WIS aKUX f(n) =nil <n <1988.

Po3B’a3anns
Bynp-sKke HaTypajlbHE YMCJIO 7 MOXHA 3almucaTH B IBiliKOBiil cucTeMi
YUCJIEHHS, HANPUKJIIa;

1988 =24 2°+ 2842742 +0-2° +0-2* +0-2° +22 +0-2+0=11111000100.
3a ingykuielo mo KinbkocTi uuMdp B ABiKOBOMY 3amMci AOBEJEMO Taki
TBEPIUKEHHS: AKWO n=a,2" +0a, 2" +.. .+ a,,a,, .., a, €{0,1}, 0, =1, TO
f)=a, 2+, 2"+ ... +a,.

Jns uncen 1=1, 2=10i3=I1 TBEpPIXKEHHA Oe3nocepeHbO BUIUIMBAE i3
yMoB (a, 0, B).
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TpunycTMMO, IO TBEPIKEHHS NOBEAEHO ISl BCIX YMCEN, y ABIHKOBOMY
3amuCi sIKMX, MeH1ue k +1undpu. Hexait n=0,2" +o, 2" +...+a,, a, =L

IToTpi6HO PO3MIAHYTH TP BUITAIKH:
Da, =0;
2o, =lLa,, =0;
Do, =a,, =L
MU po3rIiIHEMO TUIBKM ApYruil BMUMaJoK, iHWI po36UpaloThbesi aHa-

JIOTi4HO.
Y usoMy Bunanky n=4m+l, nem=0a,2""? +o, 2" +...+a,_, i2m+l=

=ay2"" +a,2% +...+a,_, 2+1. 3rizHo 3 ymoBoIo (I),
f(m)=2f2m+1)~f(m).
3a npunyeHHIM iHAYK1ii,
fmy=a,,2 +. +a,if@m+)=2"+0, , 2" 2 +.. . +q,.
Hani
=2 +20, , 22 +.. . o) (0, , 2" P +...+a,) =
=240, , 2"+ oy =0, 2 0, 2 o, , 2+t ay,

1o i notpibHo 6yso JoBECTH.
3amaya 3Bejacs 10 3HAXOMXKEHHS KUJIbKOCTI YKCEJ, SIKi HE NepeBUILYIOTh
1988, nBiliKOBHMl 3aNMKC AKMX CUMETPUYHMIA. OCKiJIbKY B ABiKOBIii cucTeMi
(]
YMCIEHHS KUTbKICTh CUMETPHYHHX 1 -pO3PSAHMX uMcen aopiHioe 2' % 4,
A4 TaKoX, TUIbKM ABa 11-po3psitiHMX cuMeTrpuuHMx uyuciaa 11111111111

i11111011111 Ginbui 3a 1988, wykaHe 4McIO HOPIiBHIOE:

A+14242+422 + 224, 420 +25)-2=(2° - D)+ (2°* -1)-2=92.

10. (31-ma MMO, 1990). Hexait Q© — MHOXMHA AOJAaTHUX paLliOHAIBHUX

uncen. Hasectn npuxnan dynkuii £: Q" — Q" takoi, wo f(xf(y)) AT s

BCiX X Ta y.
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Po3s’sa3anns
IMomituMo, wo akwo f(y,)=f(y,), To 3 maHOro GyHKUiOHAILHOTO
PiBHSIHHS BUTIMBAE, IO y, =, .

Moxknasum y =1, onepxyemo: f(xf(1)) = f(x), T06T0 xf(1)=x Ipn x=1
3 PpiBHAHHA oTpuMyeMo, wwo f(f()) =l g Beix yeQ'. Tomi
y

fUSOMN=r (l) i, BigmosigHo, f(—l—)=L i Beix y eQ’. Hapewri,
y y)

SKIIO y =fG), TO f(xt) = f(x)f(f) mna Bcix x,¢ €Q".
3asHayuMo, 10 Oyab-aka GyHKUis f, AKy 3aJOBONBHAIOTH NMPH BCix
x,t € Q" ymoBH:
a) f(xt) = (RS0

6) f(f(x)= 1 3aJI0BOJIbHSIE AaHE B YMOBi PiBHAHHS.
x

Oynkuilo f:Q* — Q' 1110 3aK0BOJIBHSIE YMOBY (a), MOXHa, O4EBUIHO, BU-
3HAYUTH 32 JONOMOTOIO PiBHOCTI

f@",py.p)=(f )" -(f@N™ -...-(FDIN™,

e p, NO3HAyae j-Te mpocTe Yncio in; € Z. Taka ¢pyHkuis Gyze 3a10BOIBHATH
yMoBYy (@) Tomi i TUIbKHM TOIi, KOJIK BOHA 3a10BOJIbHSAE YMOBY (6) TUIbKM 1is
MPOCTHUX YHCE.
BusHayuMmo 11 JJ1 IPOCTUX YHUCEJT TaK:
Pj.» fIKIIOj HEMapHe,
=4 1 .
/) ——, AKIIO j TMapHe.
J

IMoGymroBana TakuM 4YMHOM OyHKuUi f:Q" — Q* 3am0BOJNBHIE TOTOXHICTh

ff (p))=l JUIst OyIb-SIKOTO ITPOCTOTO p i TUM CaMUM 3aIOBOJIBHSIE YMOBY
p

3aJayi.

11. (33-ta MMO, 1992). Hexaii R — MHOXMHa Bcix nificHux yucen. 3Ha-
i Bei dynkuii £: R — R taxi, wo f(x* + £(»)) =y + f 2 (x) wis Beix x, y 3R.



DyHKLiIOHaNbHI piBHAHHS Ha MiXHapOaHUX MaTemMaTudHuX oniMniagax WKonspis 45

Po3s’s3anns
BBaxaiouy, 1o s = f(0), npu x=0i y =03 gaHoro piBHIHHS OTPUMAEMO
BiAMIOBITHO '

FUG)=y+s? (1

JUIS1 BCiX HiliCHUX y i '
S +9=11(0 )
JUIs1 BCiX OiMCHHX x. 3 OCTaHHBOTO CMiBBIAHOLLIEHHS NpH X = 0 BUILUIMBAE, 1110
f(s) =5 (3

JonasIiy 110 piBHICTB 3 (2), MaEMO:
ST+ f(XP+8) =1+ ()

3acrocoByloun ¢GyHKILi0 f MOCIiTOBHO 10 060X YaCTHH PiBHOCTI i Bpaxo-
sytoun (1) i (3), npuiteMo [0 cmiBBimHOWEHHA X’ +5+5* =s+(x+52)?,

BiIKM § = 0.
Mincrapnsioun s =08 (1) i (2), oTpuMaeMo
FUEO) =y 4)
i
[ =12 (x). (5)

3 piBHocTi (5) BUIIHBAE, 110 f(x) = 0 mpu x 2 0. Axuro f(x) =0 s gesaxo-
0 x, To. 0=f2()=f(x*)=f(x*+f())=x+f(x*)=x Takum YuHOM,
f(x)>0npu x>0. '

3amiHuBIH y Ha f(y) y-BUXiTHOMY PiBHAHHA i 3acTocosyioun (4) Ta (5),
$HAXOMMO

F(2+y)=1(¥)+7(),

10610 f(x+y) = f(%)+ f(y) mpu x 2 0.
BUKOPHCTOBYIOUH LIO PiBHIiCTb, A0BEAEMO, 110 f(X) MOHOTOHHO 3POCTaE.
HiiicHo, sxio x>y, 10 x—-y >0, f(x-y)>0 Ta

fD=f(x=y+y)=f(x=p+f)>f).
Skmo £(x) > x, 10 x = f( f(%)) > f(x). Anaroriuno i3 HepiBHOCTI f(x) <x
nunMBae, wo x < f(x). Tomy f(X) = x 11 BCiX MACHMX X.
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12. (37-ma MMO, 1996). Hexait S =0,1, 2, 3, ... — MHOXHHA HEBiI’€EMHUX
uinmx yuces. 3HanTH BCi GyHKUI £, siKi BU3HAYEHi Ha S i NPUIMAaIOTh CBOi 3Ha-
yeHHs B.S, TaKi, o f(m+ f(n)) = f(f(m))+ f(n) ans Bcix m, nis S. i

Po3B’sa3aHHs

Hexait T = f(5) — MHOXUHA 3HayeHb GYHKUII f(m), T < S. 3po3ymiio, 1110
dyHK1is, siKa TOTOXKHO piBHA HYJIIO, 33A0BOJIbHSE YMOBY 3aiayi. Hexait Termep
f(m) — He ToTOoXHa HymoO. [TincTaBUMO Y CMiBBiTHOLIIEHHS

S(m+ f(m) =f(f(m)+ f(n) (1

3HaYeHHI m=n=0: ‘

FO+ (@) =f(f(@)+fO) = F(fO)=,(f(O)+f(O)= f(O)=0if(f(0)=0.
ITinctaBumo B piBHicTb (1) n=0, m €S

S(m+ f(O) =f(f(m)+ f(Q)= f(m)=f(f(m))

IUIS BCix m €S,
3Bincu, f(z) =z npu z €T. BuxopucroByioud i piBHOCTi, NepemUIIEMO)
ymoBy (1): f(m+ f(n)) = f(m)+ f(n) nns Bcix m €S, n €S, TO6TO

f(m+2)=f(m)+zanascixmeS,zeT. (2)

Hexait / — MHOXMWHA BCiX Z €5, LI AKMX 32 YMOBH M €.5 BUKOHYETBCS
piBHicTb (2). Bume Mu nokasanu, wo I' c / i, KpiM Toro, GyHKUis f — He To-
TOXHIl HyJIb, TOMy MHOXHWHA / MiCTUTh X04a 6 OOWH HEHY/JIbOBHUIi €JIEMEHT.
Hexait kK — HaliMeH1IMIt i3 HUX. I3 piBHOCTI (2) BUIUIMBAE, 110 ISt OYAb-SIKOTO
| € N nipu BCix m €. BUKOHY€ETbCS PiBHicTb f(m+Ik) = f(m)+Ik, Tomy Ik € 1.1
KpiMm Toro, sakmo m'=m+lk, Tt0 [f(m')=f(m' -lk)+lk, TO6TO
f(m' =lk) = f(m")-lk, npu Bcix m' eSim' 2Ik. '

Hexait x — pmoBinbHMit eneMeHT MHoXxuHM I. Tomi x=lk+r, leN,
0<r<k-1 inpu Bcix m €S maemo:

fm+r)=f(m+x-kl)=f(m+x)—kl = f(m)+x—kl = f(m)+r,
TOOTO r € I. Ate r <k, a k — HaliMEHUINI{ HEBiL’EMHMH €JIEMEHT MHOXWHH [,
Tomy r =0 i x=Ik, To6To I ={0, k, 2k, 3k, ... }.

Hani, f(0+Ik) = f(0)+ Ik =lk, ocxinbku f(0) =0. Otxe, f(lk) =lk npn Bcix
I €S, T0610 Ik €T. 3Bincu BurunBae, o I < T. Pa3oM 3i cniBBigHOIEHHIM
T < I ue pae, mo I =T.

TakuM YMHOM, UIS1 Oyab-siKoro m €S Maemo: f(m) eT= f(m) e I= f(m)
KpatHe K.
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f()

Hexait npu r=0,1, ..., k-1 g(r) = , Ipy yomy g(0) = f I(cO) 0. Toni nna

6yIb-IKOTO /M €S OTPHMYEMO:
m=lk+r,leS,re{0l,..,k-1}

f(m)=f(r+lk)=f(r)+lk =kg(r)+lk =k + g(r)).

ITokaxeMo Temnep, 110, BUOpaBiUK OyIb-sAKEe HATypaJibHe YKCIIO k i OyIb-
Ky (YHKIIiI0 g:{O, L.,k —l} > § Taky, wo g(0) =0, i Bu3HaYMMO dyHKui0 f
Tak, SIK MOKa3aHO BHIIE, MU OTPUMAEMO GYHKIIIO, SKa 3aJOBOJILHIE YMOBY
3agavi.

HiiicHo, Hexalt m=lLk+nr, n=Lk+r,, 1,1, €S, 0<n, r, <k. Toni
f(n)=k(, +g(r,)), f(m) =k, (I, +g(r,)), Tomy

Sfm)=f(kd, + g(n)+0) =k(, + &(r)) + g(0) =k(, + g(1,)).

Otxe, f(m+ f(m)=flk+r,+k(, +g(r)=fkd +1,+gr)+n)=
=k(l, +1, + g(r,) + g(r)) = f(f(m)) + f(n), TOO6TO f(m) milicHO 3aMOBOJIBLHSE
YMOBY 3aj1aui.

Bionoeids. f(m)=0 npn Bcix meS a6o f(m)=k(+g(r)), nel i r —
BiMOBiAHO YacTKa i ocraya Binm nuieHHs m Ha k (m=lk+r,0<r<k), a
£:{0,1, .., k—1} > S — noBinbHa DYHKIIiA, 10 3a10BONIbHSE YMOBY g(0) =0; k —
JIOBiJIbHE HAaTypaJIibHe YKCIIO.

13. (39-ma MMO, 1998). PosrinsHemo Bci GyHKUIi f, 110 BU3HAYEHi Ha
MHOXMHi BCiX HaTYpaJbHHUX YHCEJ Ta IPUHMAIOTh HATypaIbHi 3HAYEHHH i 3a-
JIOBOJILHSIIOTH YMOBY: f(t2 f(s5)) =s(f(#))* mns BCiX HATYpaNbHMUX § Ta t. SHaTH
HaiiMeH1lIe MoXUTMBe 3HaYeHHs f(1998).

Po3p’a3anus

ITo3HaunMo yepe3 S MHOXMHY (QYHKIIi, 1110 3aH0BOJILHAIOTH YMOBY 3a-
Jladi. Hexait f — omgHa 3 HuX, i no3Hayumo f(1) =a. [ToknaBmm B piBHOCTI 3
yMOBH ¢ =1 Ta s =1, MM otpumaeMo: f(f(s)) =a’s, f(at?) =[f(®)]* n1a Bcix
s,teN.

Hani maemo:

(FOF0) =(FO) fla*) = (" f(flar* ) =
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=f(s*a*at?) = f(a(ast)*) =(f(ast))’.

3Bincu BUNIUBae, wo f(ast) = f(s) f(t)zum BCiX s, 7, 301<peMa f(as) =af(s),
i TomMy

af (st) = f(s)f(t) nnaBcix s,t € N. )

Tenep nosenemo, o f(f) AIMTLCA Ha a wis Beix? € N. JIjist pocToro yuc-
J1a p IO3HAYMMO Yepe3 p°® Ta p® Hal6GLnbILi cTeneHi p, Ha SKi ALIATECS aTa f(f)
BianoBigHo. CTaHIapTHUMM MipKYBaHHAMM 3a iHayK1i€lo 3 (1) ierko onepxa-
TH, LIO (f(t))" =a* f(t*) mna Bcix k e N. Hait6itp1umii cTemidb p, Ha KU

pimathes (f (t))" , € p*?, Ha axuit ninutees a*' - p*"*, Tomy kB > (k -1)a mna

BCiX k € N, 110 € MOXJIMBUM TUTIbKH NpH B> a. Lle Mae Micle Wis. KOXHOro
MPOCTOro YKCa p, i ToMy f(f) IIUTBCA Ha .

f()

IMoxnaneMo Tenep g(f) = —-, orpuMaBuIx HOBY dyHKLil0 g3 N B cebe. Pe-
3yJITaTH, OTPUMaHi i f, MepenuCcyIoThCd TAKUM YMHOM:

g(a) =a, g(st) = g(s)g(®), g(g(s)) =s mnascix s, e N. 2)-

Ty, dpakTyHo, g(st) = g(s)g(t) € exBiBaieHTHUM (1) Ta g(g(s)) =S BUILIU-
Ba€ 3 TOro, 10

a8(8(5)) = g(@)8((5)) = g(ag(s)) = g(f(5)) = LLE (f () aas

3 (2) mu otpumyemo, wo g(t’g(s)) =gt?)g(g(s)) =s(g(t)) VIS BCiX
s,t € N. OTxe, g Takox € (yHKUi€l0 3 S Ta ii 3HAYEHHS He INEepPEeBUILYIOTh
BiINoOBiAHi 3HaYeHHs f. ToMy MK MoXeMO po3risiaaTH Juiie GyHKUii g, mo
3aJI0BOJILHAIOTH (2).

Tenep 3a3HaYKMO TO# BaXJIMBMIA PakT, IO 3HaYECHHS Takoi PYHKLII g Bix
MPOCTOTrO YHCJIA CaMe € NMPOCTUM YHMCIoM. JliliCHO, Hexall p — MpOCTe YKUCITO,
i g(p)=uv mna peaxux HatypaibHux u,v. Tomi 3 (2) Maemo, 1O
p =8(g(p)) = guv) = gw)g(v), oMy oaHe 3 uucen g(u) abo g(v) nopisHioe 1.
Skuo, Hanpuknan, g(u) =1, To 060B’s13k0Bo ¥ = g(g(u)) = g(1) =1, 3BiaKu BUNI-
JIMBAE, 110 YKco g(p) mpocre.

[ITo6 BM3HAaYMTH MOTPiOHE HalMeHIIe 3HaYeHHs, Bi3bMEMO JOBUIbHY g,
o 3agoBoJibHAE (2). Taka QyHKIiA € B3aEMHO OJHO3HAYHOIO (3 TOro, 1O



DyHKLiOHaNbHI PIBHSHHSA Ha MiXHapOAHUX MaTeMaTNYHMX ONiMNIaAax WKonspis 49

g(s) = g(®, suruuBae s = g(g(s)) = g(g(®)) =1), i Tomy Binobpaxae pi3Hi npocti
4yHCiia B pi3Hi. TOMy HHXKHIO IPaHMIII0 3HAYEHHS

£(1998) = g(2:3* -37) = g(2)(e(3)’ £B37)
MM OTpUMYeEMO, Koiu g(2), g(3), g(37) e TpboMa HaltMEHIIMMU IPOCTUMMU YHC-
namu 2, 3, 5, mpuuomy g(3) = 2. Otxe, g(1998) >3-2° -5 =120 m1s BCix g €S.

3 inmoro 60Ky, icHye pyHkis g €S 3 g(1998) =120. [Toxnanemo g(1) =1Ta
BU3HAYMMO g Ha NPOCTHX YUCJIaX TaKMM YMHOM: g(2) =3, g(3) =2 g(5) =37,
gB7)=5 1a g(p)=p mia Bcix npoctmx p=23,537. [na IOBLILHOrO
n=ppy*-...-p;* €N BispMEMO

gm)=gpy py*-...-0*)=8(p)" g(P,)* -...-8(P)*™.

PiBHocTi B (2) BUKOHY10ThCs (U1 a =1), ToMy g €. Takox g(1998) =120:
Bionosids. 120.

14. (40-8a MMO, 1999). 3uaiitu Bci pyHkuii f:R — R Taki, o

S=fOM =M+ +f(x-1
i Beix x, y eR.

Po3B’s3anus
Moxnanemo f(0) =c. ITincraHoBKa 1O faHOTO PiBHAHHA X =y =0 Aae, WO
f(=0)=f(c)+c— l ToMy ¢ # 0. ITizctaHoBKa x = f(y) Iae, 1o

e= UGN+ 0)+ UGN, f(f(y))_c"'l fz(y)

[TigcTaBMBLIM B piBHAHHS YMOBM y = (, oTpMaeMo, O
fx=0)=f(9=cx+f(c)-1

JU1st 1aHOro He HYJILOBOTO ¢ BHOOpPOM X MM MOXEMO 3poOUTH NpaBy YacCTH-
HY piBHOIO Oyb-SIKOMY Hanepes 3a1aHOMY 3HaYyeHHIo Z. ToMy Juld KOXHOro
z <R icHyloth y, Ta y, Taki, mo z=f(y,)+ f(y,). 3 yMOBHU DiBHAHHA TOAi
MaEMo, L0

f@Q=fO)-fON=fS @GN+ S )+ (f () -1=

c;] f(y’)+f(y.) f(y2)+c+l—%—l=c (f(yn)_éf(yz)) =c_%.
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. c+1 . .
3BiICH MM TaKOX OTPUMYEMO C =T’ ¢ =1. IlizctaHoBKa MoKasye, L0

' 2
byHKuis f(x) =1 —12— 33/I0BOJILHSIE YMOBY.

2

Bionosios. f(%) =1—"7.

15. (43-ta MMO, 2002). 3Haittu Bci dyHkuii f:R — R Taki, mo
SO+ @)U W +fO) =f(xy—zt)+ f(xt + y2)

IUIS BCiX OiNCHUX X, Y, Z, 1.
Po3B’a3anus
PiBHicTh, HaHy B yMmoBi, mo3HauuMo uepe3 (*). Ilokmamemo B (*)

x=y=z=t=0. Orpumaemo, o 4/ (0) =2/(0). Orxe, £(0) =%a60 f(0)=0.
Axuo £(0) =12, TO Bi3bMeMoO B (*) x = y = z = 0i mpuitnemo mo f(0) + f(¢) =1,

3Bigku f(¥) = % IS BCiX 7.

Axmo f(0) =0, To, noxnaBuu B (*) z =t =0, orpumaemMo’

FOp) =0 f) 1)

HactynHa nmigcraHoBka x =y =1 jae, wo f(1) =0 a6o f(1) =1.

Ipu f(1) =0, nincrasusiuy B (1) y =1, orpumaemo f(x) =0 mis Beix x.

Hani posmsimaemo Bumanok f(1) =1, Takox maemo f(0) =0. IMoxiaBuiu -
B (*) x=0, y =t =1, mpuxoaumo 10 f(-2) + f(2) = 2f(2), Tomy

f(=2)=f(2). 2

Hani 6yneMo po3misigaTi f jiMile i HEBil’€MHUX 3Ha4€Hb apTyMEHTa,

i 3a mofroMorolo (2) BU3Ha4YMMO ii y1s Bin’eMHMX x. 3 (1) pH x = y oTpUMaeMo,
mo f(x?) = £(x) 2 0. BeeneMo dynxkiiio g(x) =+/f(x), x> 0. 3 (1) Maemo, o _
g(xy) = g(x)g(y), 3pinku Takox g(x*) = g* ().

IMoknaBumm B (*) t=x, z=y, npuiimeMo: (f(X)+ () =f(x* +y?).
3pimcn  g(x* +y*) =g () +g>(y)=g(x*)+g(y?). Takum umHOM, miIs \
OyIb-SIKHMX HEBII’EMHUX X, ¥

gx+y)=g(x+8g(). A3
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Tomy s 6ynp-sixkoro u 2 x>0 Gyne g(u) = g(x) (W1s mepeBipKH AOCHUTh
noxyiacty B (3) y =u — xi BAKOPUCTATH HEBil’EMHICTD g).

Binomo, 1110 piBHsiHHS (3) (sIKe Ha3UBa€ThCA QYHKILIOHATBHUM PiBHAHHAM
Kouuri) y xaci HecnagHux ¢yHKUiN Ma€ Jiuiie po3B’a3ku g(x) =ax, a 2 0. Ko-
POTKO HaraJlaeMo BimoBigHi MipKyBaHHs. 3 (3) oTpuMaEMo, IO

8(x +x,+..4x,) = g(x,) + g(x, )+...+8(x,), n 21 4)

SAxmo noknanemo g(l) =a, 3 (4) ana Gymraxdro HaTypaJIbHOTO # 3a JOMO-
MOTOIO MIICTAHOBKH X, = X, =..= X, =10TpHUMaEMO g(n) = an. [Toxnasuiu B (4)
X =X =.=X, = %’-, me N, 6yneMo MaTu % = %. TakuM 4YUHOM, LIS

OyIb-SIKOTO palliOHAJIBHOIO HEBill’€MHOTO X BUKOHYETBCS PiBHICTh g(X) =ax.
[Mpunyctumo, 1o icHye x 2 0 Take, 1o g(x) # ax, Hexait g(x) < ax(TyT Le MOX-

. X
auBo Jmiue npu g # 0). IcHye palioHasbHe YuciIo X' Take, IO S <x <x

a

Tomi 3 MOHOTOHHOCTI g OTPUMYEMO, 110 ax’ = g(x') < g(x), X' < ix) Otpuma-
a

JY  CyNIepeyHiCTh. AHAJIOTIYHO pO3MISNAEThCsl BUNANOK g(x) >ax. Tomy
g(x) =ax, x> 0. Ockinbku g(l) =1, 6yne g(x) = x, f(x) = x* Ans BCiX AIACHUX X.

A .. 1
TaxuMm YMHOM, MU OTPMMAJIM TP MOXJIMBI Bianosidi: f(x) =0, f(x) =§,
£ (%) = x*. TepeBipka nokasye, 1110 KOXHa 3 LIMX (GyHKIIiil 3a10BOJILHSIE YMOBY.

Bionosios. f(x) =0, f(x) = %, f(0)=x>.



METOA, MATEMATUMHOT IHAYKLIT

1. Aeanykuis i iHaykuia

OnHi€lo 3 XapaKTepHUX PUC MaTEMATHKY i TAKMX HayK, SIK TEOPETUYHA Me-
XaHiKa, TeopeTuuHa (izKa, MaTeMaTHYHa JIIHTBIiCTHKA, € JEeAYKTUBHA MO0Y-
JtoBa Teopii. JenyKTHUBHE MipDKyBaHHS — 1i€ MipKyBaHHS Bill 3araJIbHOTO A0 Ya-
CTKOBOTO, TOOTO MipKyBaHHS, BHXiTHUM MOMEHTOM SKOIO € 3arajibHe
TBEPIDKEHHA, a 3aKJIIOYHUM MOMEHTOM — 4YaCTKOBHIT BACHOBOK.

Y MaTeMaTuLii MH KOPUCTYEMOCS JeAyKLi€l0, TPOBOASYM MipKyBaHHs, Ha-
MPUKJIAJ, TaAKOrO TUITY: BiIOMO, 110 Oyab-sKMii piBHOGEOIPEHUI TPUKYTHUK
Ma€ BiCh CUMeTpii, a OCKLIbKM JaHUt TPUKYTHUK piBHOOEAPEHHH, TO BiH Ma€
Bick cuMetpii. Cii0BO Aeaykllis B nepexkiafi Ha yKpaiHCBKY MOBY O3HAaya€
«BUCHOBOK».

* JemyKuist He € EAMHAM METONOM HayKOBOTO MUCJEHHS. Y disuui, ximii,
6ios1oril IIMPOKO BUKOPHCTOBYIOTECH aNeJIsilisl 0 CIIOCTEPEXEHHS i HOCBiay,
iHmykTHBHi MipKyBaHHs. CJI0BO iHAYKLis B mepexjiaji Ha yKpaiHCbKy MOBY
03HAYa€ «HaBEIEHHs», a iHAYKTUBHMMM Ha3WBalOTh BUCHOBKH, 3p00JIcHi Ha
OCHOBI CITOCTepeXeHb i JOCBilliB, TOGTO OTPUMaHi IUIAXOM PO3MJIAAY OKPEMHUX
BUIAAKiB i HACTYITHOTO MOLIMPEHHS MTOMiYeHUX 3aKOHOMiPHOCTEH Ha 3arajib-
HU BUNIAJIOK.

Ponp iHAyKTHBHHX BUCHOBKIB B €KCITEPUMEHTAIbHUX HayKax JyXe BeJu-
Ka. BoHM 10T Ti MOJIOXEHHS, 3 AKMX IMOTIM HUIXOM AeAyKLii poOiaThes Mo-
Janblili YMOBUBOIW. Y MaTeMaTHLi iHIYKIis YacTo H03BOJIsIE Bragatu ¢hopMy-
JIIOBaHHSA TEOPEM, a B Psilli BUIAAKIB i HAKPECIUTH LUIIXH JOBEACHbD.

2. NMosHa i HenoBHa iHAYKUiNA
Hexait nmoTpi6HO BCTaHOBMUTH, IO I OyAb-SIKUX HilicHUX yucen a i b
CIpaBeUIMBa HEPiBHICTh

|a+b|<|a|+|8]. ' (1)
Tyt Moxe GytH 4 BUIIAIKH:
1)a=0, b>0; 2)a<0, b=0;
3)a=0,b<0; 4)a<0, b<0.
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Sixmo a 20, 520, To |a|=a, |b|=b,|a+b|=a+b, a Tomy HepiBHicTb (1)
HabyBae BUIJIsAAY: a+ b < a+ b. L1s HepiBHicTb iCTUHHa. .

SAxmo a <0, >0, To a+ b3HaxonuThca Mix ai b, a<a+b< b i Tomy a+b|
He niepeBUILYye Ginbiuoro 3 unces |al, |b|. Ane Toxi|a+b|<|a|+|b|.

AHaJioriyHO y BUnaaky, ko a 20, b< 0.

Hexait, Hapemrri, a <0, b<0. Toxi|a+b|=-a—-b,60|a|=-a, |b|=-biHe-
piBHicTb (1) HaOyBae BUIIANY: —a —b < —a—b. LI HepiBHICTb iCTHHHA.

Otxe, HepiBHIiCTB (1) icTHHHA B KOXXHOMY 3 YOTMPHOX BUNAJKiB, 110 MOT-
i 6 6yTH.

Takuit MeTon nepe6opy KiHLIEBOrO YMCJ/a BUNAIKIB, 1110 BUYEPIYIOTb YCi
MOXJIMBOCTi, HA3UBAETHCS NOBHOIO iHAYKYi€cro. BiH BHKOPUCTOBYETHCS B MaTe-
MaTHuLi AocuThb Yyacto. Hanpukian, u1o6 10BECTH TEOpEMY NP0 BETUYMHY BITH-
CaHOro KyTa, Tpeba nmociiIoBHO po3idpaTH TPU BUITAIKHU: LIEHTP KOJIa JIEXUTH
Ha oHiit 3i CTOpiH KyTa, LIEHTD KOJIa JIEXHTh YyCEPEANHi KyTa, LIEHTp KoJIa Jie-
XHTB 1Mo3a KyToM. JLoBiBILIM TeOpeMY B KOXXHOMY 3 LIMX BUIMAaAKiB, MU TUM Ca-
MMM JOBeIeMO ii B 3araJIbHOMY BHIIi, TOMY 1110 3aBXIH Ma€ MiClle OMH 3 HHX.

TakuM YMHOM, IIOBHA iHAYKLisl MOJISITa€ B TOMY, 1LIO 3arajibHe TBEPIKEHHS
JIOBOAMTBECA OKPEMO B KOXHOMY 3 KiHLIEBOIO 4YKMCJia BUMAAKiB, IO MOIJH ©
6yTu. He3Baxaloun Ha CBOIO Ha3By, METOJ NOBHOI iHAYKLIi € HacIpaBi He
{HIYKTHBHHUM, a AEAYKTHBHMM: 3aCTOCOBYIOYM HOro, MM CIIMPaEMOCS Ha 3a-
raJibHi TMOJIOXEHHS JIOTIiKH, 10 A03BOJIAIOTh PO3WIEHOBYBAaTH 3arajibHUi BU-
11aJI0K Ha KiHIIEBE YHCJIO OKPEMMX BUIMAAKIB i pO3IJIsiAaTH iX OKPEMO.

IHomi 3arajabHUi pe3yybTaT BHAETHCSA BragaTH IMc/Hs pO3IIAAY He BCix,
A IOCHTh BEJIMKOTO YKCJIa OKPEMMX BHIAZIKiB — 11€ TaK 3BaHAa HenoeHa inoyKyis.
Pe3ynbTaT, OTpUMaHU HEMOBHOIO iHAYKII€10, 3aJIMINAETHCA, OAHAK, JULIE
inoTe3010, MOKH BiH He JOBEACHUN TOUHMM MAaTEeMaTUYHUM MipKyBaHHSIM.
[HLUIMMHM CJIOBaMM, HEMOBHA iHAYKLisi B MaTeMaTHLi HE BBAKAETbCSI METOAOM
CTPOTOrO JOBENEHHS, ajieé € MOTYTHIM €BPUCTUYHHMM METOIOM BiIKPMTTH HO-
BUX iCTHH.

Hanpukian, po3nisaaodu napHi ukcia, 6iibLii, Hix 18a, MoMiyaeMo, 10
KOXHE 3 HUX € CYMOIO JIBOX ITPOCTUX YUCEIL:

4=2+2,6=3+3,8=3+5,10=3+7,12=5+7,14=7+7,16=3+ 13,
18=5+13,20=3+ 17iT. a. Lle cmocTepexXeHHsI IPUBOAUTD O IiMOTE3H, IO
Oyab—sIKe MmapHe YKCIo, OGUIblle, HiX 2, € CyMOIO ABOX NMpocTux yncen. OnHak,
HE3BAXKAIOYN Ha 3yCWUIA 6araThboX BHAATHUX MATEMAaTHKiB, i€ TBEPIDKEHHS,
1a3zpaHe rinore3olo l'ompabaxa (Ha iM’s HiMeubkoro mareMatuka XVIII cr.
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i

Xpuctusina ['onpa6axa, wieHa [TetepOyp3bkoi akaneMii Hayk), JoTenep He ,uone-i
JIEHO B 3araJikHoMy BUIsAi. HalOUIb1I CUIbBHMIL pe3ybTaT y IbOMY HaNpsIMKY
oIepXaB PAISHCbKUI MaTeMaTvK akaxeMik I. M. Bunorpazos, o 10Bis, 1mwoj
Oyab—siKe TOCUTD BEJIMKE MTapHe YUCIIO € CYMOIO YOTHPHOX MPOCTHX YMCEJ, “

AJte yacTo 3po0JIeHe CIIOCTEPEXEHHS MPUBOIUTD IO npunymeﬂna o,
BIAEThCA MOTIM KoBecTH. Hexaii, Hanpukiian, NoTpi6HO 3HAHTH CyMy MepLInX!

1 HemapHUX yucel. Po3risHeMo oxpeMi BUTIAIKK: ‘
1=1, ‘=
1+3=4, |
1+3+5=9, -
1+3+5+7=16, i
143+5+7+9=25. , |
3ayBaxyemo, 1o 1 = 12,4=22,9 =32, 16 =42, 25 = 52, [Tic/151 po3mIsiay LUX!

OKpEMHX BUIIAJIKiB IiIXOXMMO JO 3araJbHOrO BUCHOBKY:

143+5+7+...+(2n-1) =n?, ) |

TO6TO CyMa NEpILIMX /1 HEMAPHUX YN CesI JOPIBHIOE 77 . Y HACTYITHOMY IyHKTi MU,
MO3Ha{OMMMOCS 3 METOJIOM, KOPHCTYIOUYHCh IKHM MOXHA IOBECTH, 1110 ¢op- !
MyJia (2) npaBWibHa.

Crnin 3a3HaYMTH, IO iHAYKTUBHI MipKyBaHHS MOXYTb NMPUBECTH IO IO-'
MIUIKOBHX BHCHOBKIB. TaK, po3IIagaloun yuciaa Burmsmy 22 +1, (bpaHuysb-‘
kuit MaTeMaTk XVII cr. IT’ep ®epMa noMiTBs, o npu n =1, 2, 3, 4 oTpumy-"
I0TBCS MPOCTi yucia. BiH MpUmycTUB, 110 BCi YMC/Ia TAKOTO BUIJISALY MPOCTi.
Onunak sugatHuit Matematuk XVIII cr. Jleonapn Eitnep (uBeitiapeus 3a no-
XOIDKEHHSM, XHB i nnpauioBaB y [TetepOyp3i) 3Hai110B, 110 BXE IPH /1 =5 YuC-
710 22 4+ 1 He € MPOCTHM — BOHO AUINTLCS Ha 641. ]

HaseneMo 11e omiH pa3iouuit MpuKJIax MOMWIKOBOIO BUCHOBKY, 3po0Jie- !
HOro iHZyKTMBHUM HUIsIXOoM. [1oTpiGHO 3’sCcyBaTH, Y iCHYE Take HaTypajibHe
YHCIIO 1, 10 YKCIo BUDIALY 991n% +1 6yne TouHuM KBagpatoM. Posrisnaoun |
KOHKPETHi BUNAAKH NpH n =1, 2, 3, 4, .., My 6yIeMo ofiepXyBaTH YMCIIa, 1LIO |
HE € TOYHMMM KBaipaTaMH. SIKGU MM NPOTAroM 6araTboxX pOKiB TiTBKM THM i
i 3afiMaiucs, 1o poGuIM 0GYUCIICHHS JUTS TOC/TITOBHUX HATYPalbHMX YHCET, |
TO LI0pa3 OfepXyBajiM 6 Yuciia, L0 HE € TOYHUMH KBaapataMu. 1linkom npu- i
POOHO TPUITYCTUTH, LIO 3a BCiX HATypaJIbHUX 3HAY€Hb # YUC/IA BUILILY
991n% +1 He 6ymyTb TOYHMMM KBaapaTamu. OIHaK L€ HEMpaBWIbHO: iCHYE !
29-udpoBe YHCIO m, Take, o 991m? + 1— TOYHMIi KBaIpar.
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OTXe, HEMOBHA iHAYKIliA MOX€ NMPHBECTH A0 MOMWIKHA. OMHAaK NOCUTh
'[ACTO BOHA JO3BOJISIE BraflaTH MPaBUJILHUI pe3yJIbTaT.

Bnpasu

IS, =-1+2-3+4-5+..+(-D)"n. O6unciuBumu S, S,, S5, S,, s, ¢,
BrajamnTe, YoMy Oyle JOPiBHIOBaTH cyMa S, ; Sy, .

2. Yy cripaBeuIMBe TBEPIKEHHS: n° + n+17 — 1MpocTe YUCIIO NPy 6yAb—AKO-
My HatypaibHoMy #? Ilepesipte npu n=1, 2, 3, ..., 15, 16.

3. MeTon mareMaTUYHOI iHAYKLIT

IToBHa iHAyK11is Ma€ B MaTeMaTHLi OOMeXeHe 3aCTOCyBaHHs. bararo nika-
BMX MaTEMAaTMYHMX TPOMO3HUILLiii OXOIUIIOIOTh HECKiHYEHHY MHOXMHY OKpe-
MUX BUNAOKiB, a MPOBECTH NEPEBIPKY UIST HECKiHUEHHOT MHOXWHHU BUMaKiB
JIIOIMHA He MOXe (MPUKJIaaoM MOAIOHOI NMpono3uLii CIy>XXUTh Oyab-sIKe TBEpP-
JUKEHHS, 110 HAJIEXHUTD A0 BCiX HaTypaJIbHUX Yyncen). HenmoBHa X iHIyKuis, sIK
MU 6aYHIIH, MOXE NTPUBECTHU 10 MTOMMIKOBUX PE3Y/IbTaTiB.

Y 6aratbox BUMagKax BUXiJ i3 TPYAHOILLIIB NOJIATa€ y 3BepHEHHI 0 0CO0IN-
BOrO METOAY MipKyBaHb, 1110 Ha3UBAETHLCS Memodom MamemamuuHoi iHOyKyii.
BiH monsirac B HACTYITHOMY.

Hexaii noTpiOHO IOBECTH CHpPaBELIMBICTh HESIKOTO TBEPIKEHHS IS
Oyab—SIKOTO HAaTypaJIbHOTO YMCIa # (HaNpUKIIad, MOTpiOHO HOBECTH, 1O CyMa
IICPILMX 7 HEMapHUX 4MceN AOpiBHIOE n’). BesmocepemHs nepesBipka LbOro
I'BEPIKEHHS UIsl KOXHOTO 3HAYE€HHS 7 HEMOXJIMBA, OCKUTBKM MHOXHHA HaTy-
PWIBHMX YKceN HeckiHueHHa. 11106 noBecTH e TBEPIKEHHS, IEPEBIPSIIOTH CITO-
WATKY Horo cripaBeMBIiCTb Wist 1 = 1. [ToTiM DOBOIATS, 1110 33 GYAb~SIKOTO HaTy-
MUIBHOTO 3HAYEHHS K 3i CIIpaBeUIMBOCTI PO3IJISHYTOrO TBEPAKEHHS NpU n =k
BUIJTMBAE i Horo cripaBedyIMBIiCTL NpU 1 =k +1. Toai TBEpIKEHHST BBaXKAETHCA
noBeaeHNM s Beix n € N. CripaBi, OXepXyeEMO SIKILIO TBEPDKEHHS CIIpaBeIH -
e nMpy n =1, To TOAi BOHO CNpaBEeIIMBE i W1 HACTYIHOro yucna: n=1+1=2.
}i cripaBeAJIMBOCTI TBEPIKEHHS VISl 1 =2 BUIUIMBAE HOro CIpPaBelJIUBICTD LIS
n=2+1=3. 3BincH, y CBOIO Yepry, BUTUTMBAE CIIPaBEIMBICTh TBEPLKEHHS LISl
n=41irt. 1. 3po3ymiJio, 110 3pELITOI0 MU AiiiIeMO B TaKMii CIIOCiO 10 Oyab—sKOro
1HATYPAIBLHOTO YHca 7. OTXKe, TBEPIKEHHS NPaBUIBHE [JIs1 KOXHOTO A1,

Y3arajbHIOIOYH CKa3aHe, chOpMYITIOEMO HACTYITHHMI 3aTAIbHUI MTPUHLIMIIL.

ITpunmyn MaTemMaTHyHoi iHayknii. K10 TBEpIKEHHS, Y GOPMYTIOBaHIIsI
$1KOrO BXOJHUTh HATypaJIbHE YUCJIO 1, iCTUHHE MpH /1 =11 3 HOTO iCTUHHOCTI 11pK
n =k (me k € N) BUIUIMBAE, 1110 BOHO iCTUHHE i IpU 1 =k +1, TO BOHE icTHITHC
11PU BCiX HAaTypaJIbHUX 3HAYEHHSX H.
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|
Y psni BUNagKiB HEOOXiIHO JOBECTH CIIPABELIMBICTh AESIKOTO Tnepmxeuj
H$ HE JUTs1 BCiX HaTypaJIbHUX YUCE, a IUILLE VIS K 2 p, 1€ p — (DiKCoBaHe HaTy-
paJIbHE YMCII0. Y L(bOMY BHIAIKy NPUHLMIT MaTeMaTH4YHOI iHAYKLIi popmy-.
JIIOETBCSL B TaKUil crnoci0: SIKIIO TBEPIDKEHHS iCTUHHE NpU n=p i 3 iioro
ictuHHoOCTI ipy 1 = k, ne k > p, BUTUIMBAE, 1110 BOHO iCTUHHE i Tpu n=k +1, TO
TBEPIDKEHHS iCTUHHE 1S OyAb-5KOro 1 2> p. '

JoBeneHHd METOOOM MaTeMarWyHoi iHAYKUii NMpOBOAMTHbCA B TaKuid!
cnioci6. CroyaTKy TBEpIXKEHHS, 110 JOBOAMTHCS, NepeBipseThes Npu n =1. Lo
YaCTUHY HOBEICHHS Ha3UBaIOTh 6a3or0 iHAyKLUii. Ko npu n =1 TBEpIKEHHs
iCTUHHE, TO INEepPeXOAsTh OO APYroi YaCTMHM JOBEICHHS, sIKa Ha3WBAETHCS
indykyitinum kpokom. Y il YaCTHHI JOBOOUTHCS CNPaBEUIMBICTh TBEPIKECHHS
I h=k+1y npunyleHHi crpaBeIMBOCTi TBEPIKEHHS WA n =k (TipUIy-
LIEHHS iHAYKILT).

IIpuknan 1
JoBecTH, 1110 TIpU OyIb-IKOMY HaTypaJIbHOMY # BAKOHYETbCS PiBHICTh
1+2+43+ ... +n=”—(f'-'—"~1—)-.
i 2
Po3s’s3anus
Lls1 dpopmMyna MiCTHUTB LIUTY TOC/IJOBHICTb TBEPIXEHD:
T 1=-2,
2
TZ l + 2 = .2_.3_’
2
T, 1+243=24
2
T, 1+2+3+4= 4—;, o

eeesessssscscesscssctsssanne ssssssccscssescne cseenenes

Iepie TBepDKEHHs, 3BiCHO X, icTUHHE. IlepeBipMMoO, L0 3 KOXHOrO
iCTHHHOTO TBEP/DKEHHSIM BUILUIMBAE TAKOX iCTHHHE.
Hexait TBepmxedHs T, icTuHHe, TOO6TO piBHiCTDh

14243+ +k = FE+D '

npaBWiIbHa. [lonaMo 10 060x YacTHH i€l piBHOCTI yucio k +1, Oxepxumo
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l+2+3+...+k+(k+1)=ﬂg—ﬂ+k+l=W.

Aune ne i € TBepmxeHH T, , siKe 6€3110cepeiHbO BUTLUTMBAE 3 TBEPIKEHHA 7, .

Takum YMHOM, MM JIOBEJIH, L0 3 KOXHOTO iCTUHHOTO TBEPIXKEHHS BUILTH-
Ba€ ictMHHe. 3rifHO 3 MPUHUMUITIOM MaTeMaTH4HOI iHAYyKUil, Halla piBHiCTb
MpaBWIBHA IUIs1 OYIb-SIKOTO HATYPAJbHOIO A. ‘

Lo xx 3amayy MoXHa po3B’s13aTH i 6e3 MeToay MaTeMaTuyHoi iHaykiuii. [To-
3Ha4YMMO CyMY, KY MU XO4eMO 3HaiTH yepe3 X, . 3anmu1IeMo IBi piBHOCTI

x, =1424+43+.. . +(n-2+(n-D+n,
L =n+(m-D)+(n-2)+...+3+2+1
(y HIDKHBOMY PSIIKY 3aIlMCaHa TaKa X caMa CyMa, fIK i y BEpXHbOMY, aJie Y 3BO-
POTHBOMY NOPAAKY). lonaB1iM MOWIEHHO i piBHOCTi, MU OI€PXHUMO:
2x, =(1+n)+(2+(n-D)+(B+(n-2) +...
et (1= +3)+((n-D)+ 2) +(n+1). .
Y KOXHi#t BeJTUKiii {yX1ii CTOITh YMCJIO 11 + |, 2 BCbOTO TaKUX AYXOK n. Tomy
2x, =gn+l)+(n+1)+...+(n+1)+(n+12 =n(n+1),

n pas

_n(n+1)
n _'_—2—_s
TOOTO Hally PiBHICTh IOBEAEHO.

MeTtoa MaTeMaTHYHOI iHAYK1Iii MOXHA 3aCTOCOBYBATH HE TUIBKHM JUISt JOBE-
JICHHSI, aJe i I/ 03HAYEHHS MOCTIIOBHOCTE. SIKIIO MU 03HAYMMO MepLIMii
“JIEH MOCJIIOBHOCTI, i, MPUITYCTUBILU, IO K - YIEH BXE O3HAYEHHIA, 3a I0TO-
MOTrOI0 HBHOTO O3HauyuMO (k +1)-if, TO 3rifHO 3 NMPUHIUIIOM MaTeMaTHYHOi
iHOyKuii, BCA MOCHIMOBHICTH Oyne o3HayeHolo. Takuit cmoci6 3amaHHA
1IOCJTIIOBHOCTi HA3UBAIOTh PeKyPeHMHUM. '

Ilpuknan 2

JHosectH, o ko x,=11ix,=x,_, +3,To X, =3n—2 174 BCiX HATYPAILHUX .

Po3B’sa3anHHs

ba3za indykuyii. Ilpn n =1 maemo x; =3-1-2=1.

Kpox indyxuyii. Hexait x, =3n—2. JoBenemo, 10 x,,, =3(n+1j-2. dilcHo,
BUKOPHUCTOBYIOYM YMOBY 33[1a4i, OEPKYEMO:

Xon = Xp +3=0Bn-2+3=3(n+1)-2.
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OTxXe, BUKOPUCTOBYIOYM MPUHIIMII MaTeMaTH4YHOI iHAYyKLii, ONepXyeEMO,
WO X, =3n~2 JUIA BCiX HATYPAIbHHUX A

IcHyloTh # iHII (OpMHM NMPUHLMITY MaTeMaTHYHOI iHAYKUil, AKi OEIIo
BiIPi3HSIOTCA Bil MOMEPEIHBOIO.

Hexait MaeMo niesike TBEPIKEHHA, a60, AK KaXyTh, TilI0TE3y, i MM XOYEMO
TepEBiPUTH ii CIIpaBEIIMBICTD IJIA BCIX HATYPAJIbHUX A.

IIpumnycTiMo, 1110 HaM BIAJIOCS TOBECTH TaKi JBa TBEPAXEHHS:

1) Haua rimoTe3a cripaBeAJIMBa IPU 1 =1;
2) i3 Toro, 110 rinmoTe3a CrnpaBeIMBa JUI BCiX n <k, BUIUIMBAE, 10 BOHA
cnpaBemiuBa Wi n =k +1.

Toni rinore3a 6yae cripaBeUTMBOIO IIPH BCiX HATYpaJIbHHUX A.

BinMiHHicTh 11BOrO (HOPMYNIOBaHHSA NMPUHLKITY MaTeMaTHYHOI iHAyKIii
BiJl MOTEPEIHBOTO MOJISITAE OCh Y YOMY: Y ITYHKTi 2) MM BUMaraeMo, o6 Hala
rinore3a 6yJia cripaBeUTUBOIO UIS BCiX 1 < k, a He TiJIbKM Ui n = k.

Jlerxo 3po3ymitu, 110 06uaBa (HOPMYITIOBAHHSA NPUHLIMIY MaTeMaTUYHOI
iHOyK1ii — eKBiBaJIeHTHi, TOOGTO OyIb-SIKY TEOpEMY, IKY MOXHa JOBECTH, 3a-
CTOCOBYIOYM METOH iHAYKLii B OqHiil ¢hopMi, MOXHA JOBECTH 3a nonomororo.;
iH1Ioi hopmu.

IIpuknan 3 \
HoBecTH, 110 OyIb-AKHI #-KYTHUK (He 000B’I3KOBO ONYKIIMiA), ie h— Ha-,
TypaJibHe, 1 > 3, MoXe OyTH po30MTHI CBOIMU liaroHaJIAMM, SIKi He nepemHa-‘

.

I0TbCSl, Ha 1 — 2 TPUKYTHUKH. :

Po3s’a3aHHsA ;

ba3za indykyii. Ins TPUKYTHUKA Lie YMCJIO JOPiBHIOE OMUHHULI (Y TPUKYTHH-!
Ky HE MOXHa MPOBECTH XOMHOI AiaroHaii); MAJIg YOTUPUKYTHHKA LiE YMCIIO
JIOPiBHIOE, OYEBUAHO, 1BOM (Y BUITAAKY OMYKJIOTO i HEOITYKJIOrO).

Kpok indyxyii. TIpunycTuMo, 10 MU BXXE 3HAEMO, 1O Oyab-aKUK K-KyT-!
HUK, Jie kK < 1, pO30UBAETHCSA CBOIMM HiarOHAISIMU, SIKi HE IEPETUHAIOTHCS, Haj'
k —2 TPUKYTHUKM (HE3AIEXHO Bill crocoby po3buTrs). PosrisHeMo onHe i3i
PO3OHTTIB n-KyTHHKA A, 4, ... A, Ha TPUKYTHUKHU. Hexait 4, A, — onHa i3 niaro-
Hayell 1poro po36utts (1<i<j<n). BoHa gumuTh n-KyTHUK A A4,..A, Ha
((+n—j+D)-kyTHUK 4.4 A4;..4, i (j—i+])-KyTHUK A4 A4, .. A,. BpaxoBylouy
3po6IieHe MPUITYLIEHHS, 3arajibHe YUCI0 PO3GUTTS TPUKYTHUKIB Gyne JopiB-
HioBaTH (((+n—j+D) =)+ ((j—-i+1)-2)=n-2.

OTxe, BUKOPMCTOBYIOYM IPHUHLMIT MaTeMaTHUYHOI iHAYKUii,0nepXyeMo,
1110 Hallle TBEPDKEHHS TOBEIEHO I OYIb-sKOro HaTypaJbHOTIO /1 2 3. |

{
l
)
i
i
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IHOAi 3aCTOCOBYIOTh iHAYKMUGHUE CnycK:

Sxuo TBepxeHHs T, , ne n>1, MOXHa NOB’3aTH 3 OXHUM a60 IEKUIbKO-
Ma TBEPILKEHHAMH 3 MEHLIMMH HOMEPaMH, i TBepAXeHHs T, — iCTHHHe, TO BCi
TBEPIXEHHS OyIyTh iCTHHHHMHU.

3ayBaxxuMo, 1[0 KOJIM 3aMiCTh CTaHIapTHOI 6231 JOBECTH, HATIPUKJIA, 1110
riroTe3a iCTUHHA I 1 =5, a IHAYKUiiiHWI epexin 3aJIMIIMTH HE3MIHHUM, TO
3a TaKOIO iHAYKLI€I0 OAEPXKMMO, 110 Hallla rimore3a Oyae CrnpaBeIHBOIO LIS
BCiX HaTYpaJbHMX A, TOYMHAIOYH 3 5.

Hagenemo Tenep aBa NpMKIIaaM, siKi MOKa3yioTb, 10 HEMPaBUJIbHE 3aCTO-
CYBaHHS METOAY MaTeMaTU4YHOI iHIYKLii MOXe iHOIi MPUBECTH 10 abCypIHUX
BHUCHOBKIB.

«JloBegeMo», IO Oynb-siKa CKiHYEHHAa MHOXHWHA HaTYPAJIbHHUX YHCEN
CKJIAIa€THCAA 3 PIBHUX OXMH OTHOMY YMCEII.

[TpoBeaemMo iHAYKLIiIO MO YKUCIY €JIEMEHTIB Y MHOXHMHI. [Ipu n=1 TBep-
IMKEHHSI OYeBHIHE — KOXHE YMCJIO IopiBHIOE camoMy cobi. Hexait Teopema
JOBEJEHA JUTT MHOXHH 3 Kk eJIeMeHTiB. BisbMeMoO k + 1—eJIeMEHTHY MHOXHUHY
{a,,a,,...,a,, a,, }. 3a upunymexuam inayxuii, a, =a, =...=a,. lani, 3a Tum
Xe NPUNYLIEHHAM, a, =4, =...=a, =a,, iToMy a, =a, =a, =...=a, =a,,. 3a
NPUHLIMTIOM MaTeMaTU4YHOI iHAYKLil poOMMO BHCHOBOK, 11O TBEPIKEHHS
crpaBeUIMBe JUIs OyAb-KUX 3Ha4eHb n € N.

IToMUIKOBICTh NPOBEAEHOIO MipKYBaHHsl ITOJISITA€ B TOMY, 110 Nepexia Bix
k 10 k +1 MOXUIMBHMIA TYT IWile NpU k > 2, a nepeity Big #n =1 1o n =23a gono-
MOTOI0 1IbOTO MipKYBaHHSI HE MOXHa.

«JloBegeMo» 11ie, 110 OyIb-SIKE HATypaJIbHE YUCIIO JOPiBHIOE HACTYITHOMY
3a HUM HaTypaJIbHOMY YHCIy.

IIpunyctuMo, WO TBEPIKEHHs clpaBediuBe Npu n=k, Tobro, 11O
k =k +1. loBegeMo, LIO TOOI TeopeMa NnpaBwibHa i npu n =k +1, To6TO, 1110
k+1=k+2. Ane Lle OYEBMIHO, TOMY LIO KOJU OO 000X YaCTUH DPiBHOCTI
k =k +1noxat no 1, To piBHIiCTb He MOPYILIUTHCS i MU OIEPXKUMO kK +1=Kk + 2.
3a NpUHLMIIOM MaTeMaTHUYHOI iHOYKLil pOOMMO BUCHOBOK, L0 TBEPIXECHHS
CIpaBeIMBE NPH BCiX 3HAUEHHSIX A.

IToMMJIKOBICTh NTPOBEIEHOTO MipKYBaHHSI IOJISITA€ B TOMY, 1110 MU «3a0yIn»
NepeBipUTH CNIPaBeLTUBICTb TEOpeMH NPpU 1 = 1. OCKUTBKYM NPH 1 =1 BOHa Hempa-
swibHa (1 # 2), TO METOX MaTeMaTHMYHOI iHAYKLI TYT HE MOXHa 3aCTOCYBaTH.

IHOAi 3aMiCTh MPUHIIMITY MATEMAaTUYHOI iHAYKLii NPUIMAIOTh K aKcioMy
OJIHY 3 HACTYITHUX NMPOMO3UILiH:
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A. SIK110 MHOXWHA HaTypaJIbHUX YMCEJT MiCTUTDb YMCJIO 1 i pa3oM 3 YKuC/IOM
3aBXJIM MIiCTMTb i YMCIO K +1, TO Lig MHOXHUHA 36iracThcsi 3 MHOXWHO
BCiX HAaTYpaJIbHUX YHUCEIL.

b. Y KoXHill HEMOPOXHii MHOXMHI HaTypaJbHUX YHCEJI iCHyE HaMEHIIIHN
€JIEMEHT.

MoxHa nokasaTH, o NPUHIIMIT MaTeMaTUYHOI iHAYKLii i KOXHa 3 Tpono
3uLiit A i b piBHOCUIIBHI (Oyab—sIKi ABa 3 LIMX MOJIOXKEHD € HaCJliIKaMH TPEThO
ro). Buxoasiuu 3 npono3uuii b, HEBaXXK0 JOBECTH HACTYNHY TEOpEMY, LIO 1ae
iHLIe opMyMOBaHHS MPUHLUITY MATEMaTUYHOI iHRYKLLi.

Teopema. K10 TBEPIKEHHS CIpaBeUIMBe IS 7 =1 i 3 TOro, 10 BOHO Ipa
BWIbHE JUISl BCIX HATYpaJbHMX YMCEJI, MEHLIMX K, Ie k >1, BUIUIMBaE for
CIpaBeAJIMBICTD [UIA k, TO BOHO NMpPaBUJIbHE JJIS BCIX HATYPATbHUX YUCEJT.

4. 3acTocyBaHHA MEeTOAY MaTeMaTUYHOI iHAYKLUIT B 3apaa4vax
Ha nigcymMoByBaHHS | AR AOBEAEHHA TOTOXHOCTEeN

ITpuknan 4

3HaitneMo hopMyy Uist CyMHU

S, ==143=5+7-9+...+(-1)" -(2n-1).

Po3B’sa3aHus
Maemo: S, =-1,
S, =-1+3=2,
S, =-143-5=-3,
S, =-1+3-5+7=4
Po3rsiHyTi OKpeMi BUMaaku J[03BOJISIIOTh 3pOOUTH TIPUNYILEHHS, L
S, =(—l)" -n. CKOpMCTABUIMCh METOIOM MaTeMaTM4YHOI iHAyKIlii, JOBEAEM

CIIpaBeIUBICTh LILOTO TBEPIKEHHS, TOOTO JOBEAEMO, LIO0
S, ==143-5+7-9+...+(-1)" -(2n-1) =(-1)" - n.
1) IcTuHHiCTE piBHOCTI pu 1 =1, 2,3, 4 BcTAHOBJIEHA BHILE.
2) IIpunyctuMo, 1Wo
S, ==143-5+7-9+..+(-1)" -(2k-1) =(-1)" -k,
i moBemeMo, 110 TOMi
Sy ==1+3-5+7-9+...+(=1)* - (2k -1) +(-1)"* -(2k +1) =(-1)*" - (k +1).
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JijicHo, MaeMo:
St =S, +(=D)" -2k +D) =(-D)" -k +(-)* - (2k +1) =
=(-)" - (~k+ 2k +1) =(-1)"" - (k +1).

3a NpUHLUIIOM MaTeMaTH4HOI iHAyKlii poGMMO BHCHOBOK, ILIO Hallle
TBEPIKCHHS iCTUHHE it Oyab-aKkux n € N.

Ipnknax 5
3Haitnemo dhopmyaty s CyMHU
1 1 1 1
L =——t—t— . t———
1.2 23 3.4 n(n+1)
" Posp’asanns

PiBHoOCTi L =l -—1— 1 L _3 MPUBOIATh IO iHIYK-
-2 212 2.3 1.2 23 3.4 4
THUBHOTO MPUITYILIEHHS, IO
1

1 1 1 n
—_— —

L R N, 3
T12723734  Ta(ne) el @

14
n

IoBeneMo 110 piBHiCTh METOJIOM MaTEMAaTHUYHOI iHAYKLi.
1) IctunHicTb nNpu n =1, 2, 3, BCTAaHOBJICHA BHUILIE.
2) IpunycTHMo, 110 Hallle TBEPIKEHHS CMPABELIMBE NPU 1 = K:
1 1 1 1 k
—_—t—t—t .t —— =
1.2 2.3 3.4 k(k+l) k+1

k -

Toni
S =L+—-1—+L+ + L + 1 =S + 1 =
U223 3.4 k(k+]) (k+D)(k+2) C (k+1)(k+2)
k 1 k*+2k+1 _ k+l1
Tkl (k+1)(k+2) (k+l)(k+2) k+2

AnesS,, = % — ute piBHicTh (3) ipu n=k +1.

3a NpUHIUUIIOM MaTeMaTHYHOI iHAYyKLil poOMMO BUCHOBOK, 11O PiBHIiCTh
(3) icTMHHA NpPY BCiX HATYPAIBbHUX 3HAYEHHSIX A1,
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Ilpuxnan 6
HoenemMo, 1110
1 1 1 11 1 1 1 1 1 1

—_—t————— —_—————=—— - — —_—

23 456 799 100 51 52 53 100

Po3B’a3aHHsA
CdopmynioeMo 3a1adyy B OUIBLI 3araJIbBHOMY BUIVISIII: OBEIEMO, 11O IIPU
OyIb-AKHX HaTypaJIbHUX 3HAYEHHSIX # BAKOHYETHCS PiBHICTh

1 (1 1) 11 1 1 1
(1——)+(—-——)+...+ = + +.o..+—. @
2 3 4 2n-1 2n) n+l n+2 2n

1) IIpu n=1 niBa yactHa piBHOCTI (4) HabyBac BUIJISIAY: l—%, a npaBsa —

BULJISLY —i— Ockinbku 1 —l = L — MpaBUJIbHA PiBHICTh, TO OEPXKYEMO,
1+1 2 1+1

1o npu n =1 piBHicTh (4) icCTUHHA.
2) IIpunycTtuMo, 10 LSl piBHICTb iCTUHHA IIPH 1 = k, TOGTO LI0

( l) 1 1 1 1 1
1__ +...+ = + +...+—.
2 2k-1 2k) k+1 k+2 2k
HoBeneMo, 110 TOJi BOHA iCTMHHA i IIpH 7 = k +1, TOGTO 1110
( 1] 1 1 1 1 1 1 1
l—= |+, 4+ ———— |+ - = + +...+ 3
2 2k-1 2k 2k+1 2k+2) k+2 k+3 2k +2

Cripagni, Lo

1 1 1 1 1 1 1 1 ;
l-—= |+ | ———— | |+ - = + +oo— |+

[( 2) (2k—1 2kD (2k+1 2k—2] (k+l k+2 ZkJ 1

1 1 1 11 1 1
+ - = +ot—+ + - =
(2k+1 2k+2) k+2 2%k 2k+1 (k+l 2k+2)
1 1 1 1
St —t + .
k+2 2k 2k+1 2k+2

|
. - . . i
Otxe, 3 iCTHHHOCTI PiBHOCTi (4) NpH # = k BUILIMBAE, LIO BOHA iCTMHHA|
inpu n=k +1. OTXe, 3a NIPUHIUIIOM MaTeMaTHYHOI iHAYKLii piBHiCTb (4) KO-
BeleHo Wi Oynb-akux ne N. Ilpu n=50 omepxxyemMo piBHiCTb, 3a3Ha4YeHY

B YMOBI 3a1aui.
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Bnpasu
3. loBeniTh piBHOCTI:
a)l+2+3+...+n =__n(n_+ 1);
_n(n+ l)(2n + 1)

6)12 +22.43% +...+n?

B)I’ +2° +3 +...+n’ =

2(n+1)

D)(n+2
r)1-2+2-3+3~4+...+n(n+1)=M;

3

,u)1-4+4-7+7~10+...+(3n—2)(3n+1)=n(n+l)2;

2?3

)__ I

n2 _ n(n+1).

13 35 57’

x)1- 1'+2 24+3.31+..
2 n-1 -1

)F ‘—' 5"'... n!

w) (n+1)(n+2)(n+3)-...

"(2n-D)(2n+1) 2(2n+1)

An-nl=(n+1) -1,
-1-L
n’

(n+n)=2"-1.3.5.....(2n-1).

4. 3HaitnitTe GopMyJIH IJI1 TAKHX CYM:

a)s, = L

6)S, =L+L
T4 37

Tt Gn-2)Bnt)

1 .
1335 2n-D)(2n+1)y

1

B)S, =12 =22 +3? —42 +...+(-1)""n.
5. 3HaiifiTh GOPMYITH M1 TAKUX HOOYTKiB:

O
6) D, =(1-%)(1_%)....

6. JloBemiTh TOTOXHOCTI:

a) x+2x? +3x° +..+nx" =

.(1-#)'
-[1— 1 }
(n+l)2

x—(n-1)x"" + nx
(1-x?

n+2

,xzl,neN,
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2 2 2
6)(x—l) +(x2 —Lz) +...+(x" —L) = (x””’ L )—Zn—l,
X x x" x? -1 x2

x#0,1,-1,neN,;
n_ x-1)(2" -1
B)x+l+x+3+x+7+m+x+2 1=( )( )+n,11eneN.
2 4 8 2" 2"

5. 3acTocyBaHHSI MeTOAY MaTEMaTUHHOT iHAYKLIT
AN AoBeAEeHHA HepiBHOCTeN

Ilpuknan 7
JoBeaemo, 1o Ko a > b i a,b— gonatHi yucia, To a" > b".

Po3p’a3aHns

Ipu n =1TBepmIxeHHs oyeBuaHe: @' > b'. [punyctumo, wo a* > b*. Ilose
nemo, 1o Toni a**! > p**.

CripaBii, NnepeMHOXMBILM TTOWIEHHO HepiBHOCTI a* > b* i a > b, onepxu
Mo: a**' > b*, '

OTxe, Ha MiAcTaBi NPUHLUMITY MAaTEMAaTUYHOI iHAYKIIiI TBEpIXKEHHS JOBE
JeHe njis Oyab-sikoro n € N.

IIpuxnan 8
Po3B’skeMO HEPiBHICTD
2" >2n+1 (5)
Ha MHOXHWHI HaTypaJIbHUX YHCEJL.

Po3Bp’a3aHns

Be3snocepenHs nepesipka moxasye, 1o Yucia # =1, n =2 He 3a0BOJIbHS
I0Th HEpiBHICTb (5), a 3HaYeHHS n =3, n=4, n =5 3aA0BOJILHAIOTH 1[I0 HEPiB
HicTh. BUHHKAE TIPUITYLIEHHS, 1O 6Yab-SKE YHCIIO /1 > 3 3aI0BOJIbHSAE HEPIB
HicTb (5). loBeneMo e TBEPIKEHHS METOIOM MaTeMaTUYHOI iHAYKILii.

IIpu n=3 HepiBHicTh mnpaBwibHa: 2° >2.3+1. Tlpunycrumo, I
2% > 2k +1, i noBenemo, mwo toxi 2! >2(k+1)+1.

Cnpasmi, 2! =2-2* >2(2k +1) =(2k +3)+(2k -1) > 2k +3 (Mu BHKODH
CTOBYBaJIH TOI (paKT, 1110 2k —1 > 0 nipu Gyab-1KOMY HaTypaJIbHOMY 3HaY€HHi k).

Otxe, 2" >2n+1npu Beix n 2 3, TO6TO MHOXMHA PO3B’SI3KiB HEPIBHOCTI (5
taka: {n e N| n23}.
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IIpuknan 9
HoBenemo, 110 npu x >—1 iCTHHHA HEPiBHICTb

(1+x)" 21+nx (6)
Po3p’a3anns

1) Ipu n=1MaeMo iCTHHHY HEPiBHICTb 1+ x2>1+ x.
2) Npunyerumo, o HepiBHICTb (1+ x)k >1+k x icTiHHa, i gOBeaeMoO, IO

. . . k+l .
Tozi HepiBHicTb (1+x) "~ 21+(k+1)x Tex icTHHHa.

Ockineku x> -1, Tol1+ x> 0. I TOMy MaeMo:
(l+x)"+l =(1+x)" (A+x)2(A+kx)(1+x) =1+ (k+1) x+kx* >1+(k +1)x.

OTXe, 3 icTMHHOCTI HepiBHOCTI (6) NMpU # = k BUIUIUBAE ii iCTUHHHICTD NMPH
n =k +1. BUXOAMTh, Ha MiACTaBi NPUHLUITY MATEMaTUYHOI iHAYKLi, 1110 iCTUH-
HicTh HepiBHOCTI (6) BcTaHOBJIEHA MU BCiX HaTypajibHMX a. Lls HepiBHicTH
Ha3UBA€EThCHA HepigHicmio BepHyani (Ha 4yecThb IIBEHLIAPCHKOTO MaTeMaTHKa
XVII ct. fAx06a BepHymni).

IIpuxknanx 10

JIOBECTH, 1110 ITPH BCiX HATYPATLHUX 71 > 4 BUKOHYEThLCA HEPIBHICTb 2" > .

Po3B’a3anns

Basza indyxuyii. Tipu n =S HepiBHicTh cipaBeanBa: 2° =32>25 =57,

Kpok indykuyii. Hexait

2 >k?, @)

ae k — nesixe HaTypaJibHe YUCIO, Ginblue, HiX 4. JJoBeAEMO,1l0 TOAi BUKO-
HYETBCA # TaKa HepiBHiCTb 2% > (k +1)°.

IificHO, TOMHOXWMO OGHIBI YaCTUHH HepiBHOCTI (7) Ha 2, ooepXKUMO

2 =228 52k =k +k? >k +2k+1=(k+1)?,

60 npu k >4 BUKOHYETbCA TaKa HepiBHiCTb k> >2k +1 (BOHa eKBiBaJleHTHa

rakiit k(k —2) >1).ToMy, BUKOPUCTOBYIOYH NPUHLIMIT MaTEMaTHYHOI iHAYKLil,
OIEPXKYEMO, IO IS BCIX HATYpaJIbHUX A > 5 BUKOHYEThCS HEPiBHICTD 2" > n’.
ITpuxnan 11
JoBeeMo HepiBHiCTbh
1 1 1 1 n

l+=—4=+—+...+ > (®)
2 3 4 2" -1 2
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Po3B’a3aHus
Bupa3s, 1o MicTUTBCSA B JIiBiit yacTHHi HepiBHOCTI (8), sBIsIE COGOIO CyMy.
Jpo6iB, 3HAMEHHUKH SKKUX MOCiXOBHO 3pocTatoTh Bin 1m0 2" —1. I1pu n =1BiH

| .. ..
NepeTBOPIOEThCA B 1. Ase 1>5 — iCTMHHA HEpiBHICTb, OTXe, HepiBHICTH (8)

NpaBWibHA NpU 1 =1,
IIpunyctuMo, 10

S, —1+—1-+1+ + L k,
3 261 2
i moBeeMo, 110 TOMdi
S —1+l+1+ + L >—If+—l

Cnpasai, MaeMo:

1+l+l+ +—L—=(l+l+l+ + L )+(L+ L +...+ L )
23 77 24 23 77 2k 2k 2k41 T M)

1
+...+
241 T oM

cyMy 2* mpo6iB, KOXEH 3 KMt OUIBbIIMIA, HiX 2:—” Otxe, A>2*. ;

Ockinpku S, > %,A > 12 TO 3BifICH BUIUIMBAE, O S,,, =S, + A> k—2+1-

. Bupa3s A sBise co6olo |

. Otxe, S,, =S, + A4, ne A=2Lk+

IcTunHHicTh HepiBHOCTI (8) HOBeneHa ISl BCiX HATypaJIbHUX A.

Brnipasu
7. 3HaiaiTh MHOXHHY HaTypaJIbHUX PO3B’sI3KiB HEPiBHOCTI!
a)a" >n’; !
6)2" >n’.
8. oBeaiTh HEPiBHOCTI:
1 1
a) —+——+... >1;
n+l n+2 3n+l
1 1 1
6)@51+ﬁ+ﬁ+...¢ﬁ <2«/;, nx2;
B) L+--—1——+ +L >1—3— nx2;

n+l n+2 7 2n 24’
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11

Dl+—+=+...+ <n

2 3 2" -1

n 2n)!
n)4_<q;

n+l (ng)

1
)22 sl 23
l35, ml 1

246 21 3+l
3) \/c+\/c+\/c+...+\/z <Li;c—+—l (y niBiii YaCTUHI # KOPEHIB).

6. 3acTocyBaHHS MeTOAY MaTeMaTUHHOT iHAYKLIT

A0 3ajay Ha NoAiINbHICTb

HdomoBuMoOcCs 3aMicTh ¢pa3u «diIUTECA O€3 OcTayi Ha» KOPUCTYBATUCS
3HAKOM «:», '

Hpuxnan 12
JoBenemo, 110 (l 12§12 ) 133.

Po3p’a3anns
[Tpu n=1Maemo:

117 +12° =(11+12)(117 =11:12+12? ) =23.133,

Ane (23 ~l33) :133, a 11e 03HaYya€ iCTHHHICTB HALIIOTO TBEPIXKEHHS TIpH 1 =1.
IMpunyctuMo, 1O L€ TBEPIKEHHS ICTUHHE NpU A=k, TOOGTO LIO
(l 142 41221 ) :133. JloBeneMo, 1110 Tozli BOHO Oy/e icTUHHE i pu 11 = k + 1, TO6-

TO 1O (1 1622 +122(“‘)*‘) 1133, a60 114 +122% 1133, [lilicHo

1142 412783 = 111192 4127 1279 =111 4111279 +133.122% =
=11(114 41274 ) 41331274,

OTtpuMaHa cyMa OUIMTbCS Ha 133, TOOTO TBEpHXEHHS iCTUHHE i MpH
n=k+1.

3a NMpUHIMIIOM MaTeMaTHYHOI iHOYKLii Hallle TBEPIXKEHHS AOBEIAEHE st
oynb-sikuxne N.

Meron MaTeMaTUYHOI iHAYKIIil 1O3BOJISIE AOBECTH OAHY 3HAMEHUTY TEOpEe-
My, MPO SIKy MM 3apa3 po3MnoBiMo. 3a3Ha4MMO CMOYaTKy, L0 Wi OyAb-KOro



68 B. A.\ﬂCI’HCbKM%

§

n e N uncino n* —n — napue. Cripasni, n* —n =n(n-1), a 3 1Box Ha"rypam:}mxi

uncen n -1, n, 1O WAYTh MiApsA, oqHe 060B’A3K0BO napHe. OTXe, i ixHiit 106y~
TOK — mnapHe uyucno. Jami, HeBaXKO DOBECTH, LIO (n3 —-n) i3, Cnpalei,;
n® —n=(n-1)n(n+1), a 3 TPLOX HaTypaNbHUX uncen n-l, n, n+1, wo ﬁnyn;i

MiApsA, ogHe 000B’I3KOBO IIIMTHCS Ha 3; BUXOAUTD, i IXHill 1oOYTOK AiNUTH-'
csl Ha 3.

Otxe,

(n2 —n)52,
(n3 —n)53.

!
§
i
1
i
1
;
%
BuHuKae npunyuieHHs, 1o (n —n) m. Ane BXe nmpukiag m=4, n=3;
CIIPOCTOBYE Lie TBEPIXEHHS: 3* —3 He minuThca Ha 4. Y Toit Xe yac npu m =5; )
TBEPIXXECHHS 3HOBY CIIpaBeIMBe: (n —n) 5. j

!

Cnpaszi, Maemo: n° —n=(n- 1)n(n+1)(n +1) Yucio n abo AUMTECS Ha -

5 6e3 ocraui, abo qa€ oaHy i3 octau 1, 2, 3, 4.
BinnoBimHo » MoXe MaTH OIMH 3 HACTYITHUX I’ATW BUIJISIAIB;
1) n=5k;
2) n=5k+]
3) n=5k+2;
Y n=5k+3;
5) n=5k+4.
¥ Bunazky 1) maemo: 735, a tomy i (n—-1)n(n+ 1)(n2 + 1) :S.

V Bunaznky 2) MaeMo: (n—1):5, atomy i (n-1)n(n +l)(n2 + 1) ‘S,

Y Bumagky 3) Maemo: nt ol = (5k+2) +1=25k? +20k +5. OT)KC,
(n +l) 5,atomyi(n— 1)n(n+1)(n +1) 5.

YV Bumanky 4) Maemo: n’ +1= (5k+3) +1=25k* +30k+10. Orxe, |
(n +l).5,aTOMy1(n—1)n(n+1)(n +1).5.

V Bunazky 5) maemo: (n+1):5, a Tomyi(n —1)n(n+1)(n2 +1) :5.

FE U ViU UGS U U S

OTxe, METOIOM IOBHOI iHAYKLii MU JOBEJIH, LIO (n5 —n)E 5 mnsa Oyns-

aKuxn e N.
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3ayBaxyemo, 110 uucia 2, 3, 5 npocri. Lle 103BOJISE YTOUHUTH Hallly Tino-
Te3y: Wi Oyab-aKoro n e N i 6yab-sgKOro mpocToro Yucia p 4ucio n’ —n
ninutees Ha p. lle TBepIKEHHS Ha3UBa€eThCs Manot meopemoro Pepma. Boro
JOBOIMTBCS METOJOM MaTeMaTHU4HOI iHAYKIil 3 BUKOPUCTAHHAM (OpMyJIn
6iHomMa HrioToHa.

Bnpasn
9. HoBexiTs:

a) (62" -1)235;

6) (4" +15n-1)19;

B) (27 +57-3")i17, '
r) (77 +8%)i57;

) (2”*5 .34 4534 )537;

e) (37 -24n+37):64;

X) (2"+2 3" +5n—4)3 25.

7. 3acTocyBaHHS MeTOAy MaTeMaTUYHOT iIHAYKLIT

A1 BUBYEHHS BJITaCTUBOCTEN YNC/IOBUX NOCNIAOBHOCTEN

ApudmeTHuHa i reomeTpuyHa mporpecii, ABISI0TH COO010 HaitnmpocTilti
NMPUKJIAIH MOCIiIOBHOCTE, Ui BUBYCHHS BIaCTUBOCTEI SIKUX 3 YCITIXOM 3a-
CTOCOBYETBCSI METOJ, MaTeMaTHYHOI iHaykuii. [Iporpecii BU3HaYalOThCS pEKy-
PEHTHUMHU CIIiBBiIHOLIEHHSAMH, TOOTO CNiBBiIHOMIEHHSAMH, IO JA03BOJSIOThH
3HANTH WIeH NOCIiIOBHOCTI 33 OHUM YU AeKiJIbKOMa ii monepeaHiy YWieHaMu.
Afm(bMeanHa MPOrpecist 3aa€TbCSl PEKYPEHTHHUM CHiBBiTHOLIEHHSM
a,, =a, +d, a TeOMETPUYHA MPOrPeCid — PEKYPEHTHUM CHiBBiIHOLIEHHAM
b,, =b,-q (b #0,¢g=0). InmuMM croBaMM, caMe BU3HAYEHHs Nporpeciit
JTAEThCA 32 JIOMOMOroI0 nepexoay Bia # 0o n+1. Tomy OinbiuicTs popmy, WO
BIIHOCATBCS HO IpOrpeciif, NOUiIbHO BUBOAWUTH 3a IOMIOMOIOK METOLY
MaTeMaTU4YHOI iHaYyKLii.

Hanpuxnan, BuBogsun ¢opmysiv n-ro wieHa apudMeTHYHO! nporpecii
3ayBaXyemo, 10 a, =a, +d,a, =a, +d =a, +2d,a, =a, +3d. le no3sonse
MPUIYCTUTH, IO s Gyab-IKOTO HaTypajJIbHOTO YMCJa h iCTUHHA PiBHICTh
a, =a, +d(n-1). doBeneMo ii METOIOM MaTeMaTHYHOI iHIyKIii.
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[lpn n=1 BOHa iCTUHHA: a, =aq, +d -(1—1). [Mpunyctumo, 1Mo piBHICT!
icTiHHa npu n=k, To6TO WO a, =a, +d-(k-1), i noBeaeMo, IO TOAi BOH
ictuHHa i npu n =k +1, To6TO IO @,,, =4, +dk.

CripaBni, Maemo: a,, =a, +d =a, +d(k-1)+d = a, +dk.

3a NpUHLUMIIOM MaTEMaTUYHOI iHAYKLii piBHiCTb icTUHHa /Ui Bcix n € N.

AHasoriYHO BUBOAMTHCA (POpMYyJsia #-TO YJIEHA T€OMETPUYHOI NMporpeci
b, = blq""l (BUBeIeHHS L€l POpMyJIM MU 3JTUILIAEMO YUTAYy).

[ToxaxeMo lile, K 3a JOIMOMOTrOX METOLYy MaTeMaTUYHOI iHAYKIil BUBO
outhesa Qopmyna cymu S, MNepUIMX 1 WIEHIB TeOMETPUYHOI IPOrpecii
b,b,...b,...8, =b+b +..+b,.

Hosenemo, 1o npu g # 1

S, =ﬁ_(.ﬂ' (8)
q-1

blg -
IIpu n=1 maemo: S, =§,. 3 iHworo 60Ky, L(-—l—) =b. Buxonuts, npu

5(g"-1)

[punyctumo, wo S, =——1 i goBemeMo, 110 TOHi CHpaBelIMBa
q._
b(q -1)

CrpaBni, MaEMO:
b(q* - ki p ok g -1
Sia =S, +bk|=_“‘_l( )+bq blq —h+ba bq =b'( )
g-1 ) g-1 g-1

3a MpUHLIMIOM MaTeMaTUYHOI iHAYyKLii poOMMO BUCHOBOK, IO PiBHIiCTb
(8) ictuHHa npu Bcixn e N. ‘

n =1piBHicTs (8) icTUHHA.

PiBHIiCTB S}, =

IIpukaag 13
YucnoBa MOCIIZOBHICT BU3HAYAETHCS HACTYITHMMM YMOBaMU: @, =2,
a, =3, a,, =3a, —2a,_,. 3HaiineMo popMyIy #-TO YIEHA INOCIiIOBHOCTI.
" Po3p’a3anns
KopucTyiounch peKypeHTHIM CITiBBiTHOIIEHHAM, 3HaXOAMMO:

, =3a, —2a, =3-3-2.2=5, a, =3a, —2a, =9, a, =3a, —2a, =17.
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3ayBaxyemo, o 5 =2% +1,9=2° +1,17 =2* +1. ToMy MOXHa NpUNYCTU-
T, Wo a, =2" +1. JloBemeMo Le TBEPIXEHHS METOIOM MaTeMaTH4HOI
iHDyKLii. '

I1pu n =1TBepmxeHHs cnpaBeinBe. [IpUycTMO, 1110 BOHO CITpaBeliiBe
npy Oyab-sIKOMY 1 = K, i JOBEIEMO, 1110 TO/i BOHO BUKOHYEThCA inpun =k +1.

Cnpagai, MaeMo:

a, =3a, -2a, | =‘3(2k +l)—2(2"" _,_1) =k L]

Otxe, Hallle TBEPIKEHHSI PaBUJIbHE [UIs Oynb-skux n € N (MM 3acTocyBa-
JIK TYT METOJ MaTeMaTHYHOI iHAyKLii y hopMmi, 3a3HaveHiit B Teopemi 3 1. 3).
IIpnknan 14
MocninosHicts a,, a,, a,,..., a,,... BASHAYAETHCS HACTYITHUMH YMOBaMMU:
a, =l,a, =1,..,,a,, =a, +a,_,.JoBeneMO IBi BIACTUBOCTI i€ MOCIIIOBHOCTI:
1) a,,, =a,+a, +a,+.4a,,, +1;
2)a’-a, -a, =(-1)".

Po3p’a3anns
1) Bunuiiemo aekijibka nepLIMX YieHiB nociinosHocti. Maemo: g, =1, 4, =1,
a,=a,+a,=2 a,=a,+a, =2+1=3, a, =a, +a, =3+2=5. Ilpy n=1
a,,., =4, =5=a, +a, +1. Buxonuts, npu n =1TBepIKEHHA 1) icTUHHE.
IIpunycTUMO, 1110 BOHO iCTUHHE TIpH 1 = k, TOGTO
Gypy =0) + A5+ H0y,, +1 &)
HoBeneMo, 10 TOAi BOHO icTMHHe i i n=k+1, TOGTO
Qg =0 + A3+ 40y, 0y +1
Cnpabli, CKOPMCTaBILINCh PEKYPEHTHUM CITiBBIIHOLIEHHSM, OAEPXHUMO:
Ayp4.s = 0ypyy + Gy, - 32CTOCYBABIIM U @,,,, GOPMYIY (9), OnEPXKUMO:
Qppg =8y +(a + 03+ 40y, +]) =0 +ay+. 40y, + 0y, +1.
OTxe, piBHICTb, SIKY JJOBOAMMO, BAKOHYETLCA /IS BCix n e N.
. 1 .
2) ns n=1 TBepIXEHHS ClpaBeIMBE: a,2 -a,-a, =(—1) , OCKUIBKM aq, =1,
“a =la, =2
[Mpunycrumo, 1o

a: G iy =(_l)k’

. v . 2 K+l
i noBeneMo, wo toxi a;, —a, -a,,, =(-1)".

v
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2 _ 2 _ 2 2 _ 2 _
Ay~ Ay =, —Q, (ak+l +ak) =0y a4, a4, —a =a, (ak+l _ak)—ak =

Ha3UBaETLCA hocaidosricmio Dibonauyi (Ha YeCTh iTATICHKOro MaTeMaTHKA
XIII ct. Jleonapna ITizaHcekoro, 110 mucaB iz rnceBaoHiMoM PiGoHauyi).

10. Josenith BiacTUBOCTI mocaigoBHocTi PiGoHayyi:

11.

Cnpasni,

=a, -a, —a; =—(a,f -a,, -ak+l)=—(—l)k =(-D“.

TakuM YHHOM BJIACTUBICTb, 1110 HAC L[iKaBUTb, JOBEIEHA. 5
IMocnigoBHiCTL, MpO AKy HIUIa MOBA B TUIBKHY 11O PO3IJISIHEHOMY NPUKJIaJ,

Bnpasu

a)a,,, =l+a, +a,+.+a,,;
6) Q9 =0a, 0y +a,-ay;
B)a,-a,, =al +a’ +...+a’.

Hanuuwrite nepiui 11 unenis nocninosHocti ®@iboHayyi (Bix a, 10 a,)).
I[TopiBusiite a, i3 cymol0 a, +a,, a, i3 CyMOI0 a, +a, +a,, as i3 CyMOIO
a, +a, +a, +a,, .., a, i3 CyMOIO a, +a, +a, +...+a,. Buciosirs npuny-
ILIEHHS NMPO iCHYBaHHS BU3HAYEHOIO CIiBBiIHOILEHHA MiX 4,,, i CyMOIO
a, +a, +a,+...+a,. JJoBeliTb HOro METOAOM MaTEMATHYHOI IHIYKILIi.

12. Yucnosa nocninoBHicts (a, ) BU3HaYaeThes Tak: a, =0, a, = ,/ 2+a,_ . Jo-

BEJIiTh, 1LIO (a,l ) — 3pOCTaloya IOCIIiIOBHICTb.

13. YncnioBa nocnigoBHicTh (4, ) BUSHAYAETHCS TaK:

a,+a .
a, =a,a,=b,a,, =L2—"“. JloBesiTh, 1O a, =

a+2b b-a
+(=D". .
3 D 3.2"

14. Yucnosa nocinoBHicTs (a, ) BU3HAYAETRCA TaK: @, =2, @, =3a, +1. [lo-

BEJIiTh, 110 @, =12(5 3! —1)

15. loBeniTh, WO SIKLIO (2+J§)" =a,+b3, 10 a®-3b=1 npu

Oynb-sikoMy n € N.

8. 3acTocyBaHHsI MEéTOAY MaTEeMaTUYHOI iHAYKLWIT
A1 BUBYEHHS BIaCTUBOCTEN CKiHY€HHUX MHOXMWUH
IMoyHeMo 3 po3B’sA3aHHs 3a1a4i MPO YMCJIO MAMHOXHWH CKiHYEHHOI MHO-

XUHU X.

SIK1o0 MHOXHHA X He MICTUTB XOIHOro eJeMeHTa, To6To X =J, TO, Oue-

BUIHO, BOHA MA€E TUIbKK OIHY MiAMHOXWUHY: .
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SIKIO MHOXHMHA X CKJIANa€ThCA 3 OJHOTO eleMeHTa, T0610 X ={a}, To,
OYEBMJIHO, BOHA Ma€ JIBi MiAMHOXWHMU: & i {a}.

JBoxeJleMEHTHa MHOXUWHA X = {a, b} MICTUTb YOTHPM MiAMHOXWHU: O,
{a}, {b}, {a, b}. Tproxenementna MHOXHHa X ={a, b, c} Mae BiciM mixmMHo-
xun: @, {a}, {b}, {c}, {a, b}, {a, c}, {b,c}, {a, b,c}.

ITo3HayMMO YMCJIO MIAMHOXHH n-€JIEMEHTHOI MHOXWHHU 4depe3 S(n). 3
PO3IISTHYTHX OKpeMMX Bunankis sumusae, mo S(0)=1, S(1)=2, S(2)=4,
S (3) =8.

3ayBaxyemo, mo 1 =2°, 2=2' 4 =2, 8=2%, lle cnocTepexeHHs NMPHBO-
JUTh HAC OO TAKOTO iHAYKTHBHOIO NPMITYILEHHS: YHMCJIO MAMHOXUH n-ejie-
MEHTHOI MHOXWHM AopiBHIOE 2". JloBeAeMO Li€ TBEPIKEHHS METOIOM Mare-
MaTHYHOI iHAYKILii.

Buiue MM BXe NepeKOHAIUCA B iCTUHHOCTI TBEPIXXEHHSI NMpU 1 =1 (a TakoX
npu n =0, 2, 3). [IpunycTumo, 1110 TBEPAKEHHS CIIpaBeJIMBE NMPU 1 = k, TOGTO
1110 Oy/Ib-sIKa K-€JIEeMEHTHa MHOXHMHA Ma€ 2* ninMHOXuH. JloBeneMo, 110 Toxi
TBEPIKEHHS CMpaBeUIMBE i JUld h =Kk +1, TOOTO 1110 KOXHa (k + ])-CJICMCHTHa
MHOXMHa Ma€ 2" MiIMHOXMH.

Crnipasnai, Hexalt

X={x,, xz,...,xk,xk+,}.

Ls (k+1)-enemeHTHa MHOXHWHA OIEPXYEThCA i3 K-€JIEMEHTHOI MHOXHHH
Y = {x1 s Xyyeens xk}IIOLIaBaHH}IM OJIHOTO eyieMeHTa X, ,,. KoxHa 3 miZxMHOXMH
MHOXHMHHM X ab0 HE MIiCTHTH LIbOTO «ONAHOTO» €JIEMEHTA X, , a00 MIiCTHUTH
jioro. Y meplloMy BUITaAKY BOHA € MiIMHOXHMHOIO MHOXMHHU Y, a 3a npuny-
IEHHAM iHAYKLIT TaKMX MiIMHOXMH € 2%. Y npyroMy BUNaiKy, BiIKHIalOouH
€JIEMEHT X,,, , 3HOBY OJIEPXYEMO IIAMHOXHUHY MHOXWHY Y. BUXoauTs, yncino
MiAMHOXWH JPYroro BUIy JOPiBHIOE YUCJTY ITiIMHOXHUH MEPLIOro BUAY, TOOTO
nopiBHIoe 2*. AJie Tomi 3araibHe YMCIIO MIAMHOXMH MHOXMH X [OpiBHIOE
2k + 2k — 2k+l .

OTxe, MH JIOBEJIH, 1O PiBHICTb S() = 2" icTHHa nIpu n =1i, w0 3ii icThH-
HOCTi IpH 1 = k BUIUTMBAE, L0 BOHA IIpaBWIbHAa i TpH n = k + 1. 3BiacH 3a npuH-
LIUTIOM MaTEMaTUYHOI iHOYK1ii pOOMMO BUCHOBOK PO CIIPaBeUIMBICThb HALLIO-
ro TBEpIKEHHs [uig Oyab-sikoron € N.

TTo3HayMMO YHCJIO eJIEMEHTIB CKIHYEHHOT MHOXHHHU X yepe3 n( X ) SAxwo,
Hanpukiag, X = {a, b, c, d}, TO n(X) =4, BeaeMo 11€ MOHATTA JEKApTOBOro
J06YTKY MHOXMH i PO3IVIIHEMO MUTaHHS MPO YHCIIO EJIEMEHTIB Y A€KapTOBOMY
JIOOYTKY CKiHYEHHUX MHOXHH.
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Hexait naHo nBi MHOXMHM X, i X,. PosmisHeMO MHOXMHY, IO CKJa-
JIAa€ThCsl 3 YCiX MOXUIMBHUX Iap BUIY (a, b), ne ae X, be X,. Y xoxHil Taxiit
napi nepL1it KOMIMOHEHT — €JIEMEHT MHOXHUHH X| , a IPYTHIf — €JIEMEHT MHO-
XMHHU X, . MHOXMHA yCiX TaKUX Nap Ha3sMBaETLCA dekapmosum dobymrom de0x
muoxcun X, i X, i mosHavaetsca X, x X, . IlomituMmo, 110 MOBa e Mpo Tak
3BaHi YNOpANKOBaHi MapH, To6TO, cKaximo, napu (a,b) i (b,a) BBaxalOTHCA

. . . a.,
Pi3HUMHM, AKIIO a # b (MoniGHO TOMYy, SIK pi3Hi IpobH > i—, Ko a # b).
a

Hanpukan, skwo X, ={a,b,c}, X, ={1,2}, To nexaproBuit 106yTOK
X, x X, cxnamaersest i3 mectu nap: (g, 1), (a, 2), (5,1), (8, 2), (¢, 1), (¢, 2). Aexap-
TOBHMIA XK€ A0OYTOK X, x X, T€X CKJIafa€ThCs i3 1IECTH NMap, KOMIOHEHTH SIKUX
inyTs B iHwomy nopsuiky: (1, a), (2, @), (1, b), (2, 8), (1, ¢), (2, ¢). Takum ymHoOM,
MHOXHMHHM X, x X, 1 X, x X|, y3araji KaxXy4H, pi3Hi: X, x X, # X, x X,. [Ipuit-
HSITO BBaXAaTH, LIO AKINO Xo4a O 0fiHa 3 MHOXHMH X,, X, TIOpPOXHS, TO i iXHi#
JIeKapTOBUIt JOOYTOK MOPOXHii:

X, xDB=0x X, =@.

3HaiIeMO YMCJIO EJIEMEHTIB JIEKapTOBOTO JOOYTKY X x Y y BUManKy, Koiu
X cKyIazaeThCs 3 m eNeMeHTIB, a Y 3 k eneMeHTiB, To6T0 n(X)=m, n(Y) =k.
Hexait X ={x,x,,....%,} Y ={»,»,,..., . }. JexaproBuit 106yTox XxY
CKJTaJIa€THCA 3 ap (x,. Y, ) ,Ael<i <m,1<j <k. i napu MoXHa po3TauiyBa-
TH B TaKMii crocio:

(% ) (K v e (5, 70
(%), (%25 92)s s (2, 2 )5

..............................

> Y1) (X5 Y2 )s o oos (K> 92 )-

Mu onepxxaii m psiaKiB 10 K Nap y KOXKHOMY psiaKy. 3BiiCH BUIUIMBAE, 1110
3arabHe YMCIIO Map, W0 BXOAATh Y X x Y, nopiBHioe mk, 10610 n(X)x n(Y).
[HIIMMU cIoBaMHM, Ma€ Miclie Taka opmyJia:

n(XxY)=n(X)n(Y) (10)
Hexait Tenep faHi s MHOXHH X, X,, ..., X,. Po3rissHeMo Taki ynopsiaxo-
BaHi Habopu o =(xl, Xyyeens x,), mwo x, € X,, 1<k <s. MHOXMHa, 110 CKJIa-

JA€ETHCA 3 yCiX MOMNUIMBHX HabODiB 0 3a3HAYEHOTO BUJly, HA3MBAEThCS deKapmo-
6um dobymxom s mHoxwcur X, X,, ..., X, i mosHadaeTsca X, x X, x...x X_.
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Bume mu Gawnwm, mo n(XxY)=n(X)n(Y). 3a nonomoroio meromy
MaTeMaTHUYHOI iHAYKLIi MOXHa y3araJIbHUTH 110 PiBHICTh Ha BUMANOK AeKap-
TOBOTrO X0OYTKY 6YIb-SIKOTO CKiHYEHHOTO YMCJI4A MHOXHH.

Hosenemo, wo AKuo X,, X,,..., X, — CKiHUEHHi MHOXHUHHU, TO

n(X, x X, x..x X, )=n(X)n(X,)-...-n(X,). (11)
Ilpu s =2 My BXe nepeBipwin icTuHHICTb dopmynu (11). ITpunycrumo,
110 opMyJia cnipaBeINBa PH S = k, TOOTO 1110 BUKOHYETLCS PiBHICTh
n(X,x X, x..x X, )=n(X)n(X,)-....n(X,),
i noBeAeMo, 1o toai popmyna (11) cnipaBemiuBa i npu s = k +1, TO6TO 1110 BU-
KOHYETBCA PiBHICTb
n(X, x Xy x..x X, x X, )y=n(X)n(X,)-...-n(X)n(X,,,)-
CrnipaBai, po3rissHEMO TOBUIBHUIT e1eMEeHT (xl, Xyseees X xk+,) MHOXHWHH

X x X, x..x X, x X, i noknanemo a=(x, X,,..., X, ). OueBUIHO, 1O MixX
MHOXMHOIO HaG0DIB BULY (X, X, -, X, , %, ) i MHOXHUHOIO 1tap Uy (&, X, )

€ B3aEMHO OJJHO3HA4YHa BiIIOBiAHICTh, TOOTO HabOPiB BULY (xl 3 Xy ey Xy s xk+,)
CTUIBKH X, CKUJIBKY Nap BUAY (a, Xt ) K110 MHOXHWHY BCiX oL TO3HAYUTH Ye-

pe3 A, TO MOXHa CKasaTH, LI0 MHOXHMHA, fAKa HaCc LiKaBUTh,
X, x X, x...x X, x X,,, Ma€ CTiIbKM X €JIEMEHTIB, CKUILKM MHOXHHA Ax X, ,
10670 A X, X X, X ... x X, x X, ) =n(Ax X,,,). Arie 3a IOBeICHUM BUILIE LI

IBOX MHOXHUH Ai X, Maemo: n(Ax X,,,) =n(A)n(X,,), a 3a noGynosoio Ae
He wo iHute, K X, x X, x...x X, . CKopyCTaBIUKCh NPUMNYILEHHIM iHAYKLIi,
OLEPXYEMO, LLIO

n(Ax X)) =n(A)n(X,,) =n(X, x X, x...x X, )xn(X,,) =
=n(X)n(X,)-....n(X)n(X,,).
Omxe, n(X, x X, x...x X, x X, ) =n(X))n(X,)-...-n(X)n(X,,).

Tum camum ¢opmyna (11) noBeaeHa WISt BCiX HaTYpaJIbHUX YHCET § 2> 2.
3 Hel, 30KkpeMa, BUIJIUBAE, 1110

n(Xx Xx..x X)=(n(X))". (12)
T

Ile o3Hayae, UIO S-Mil AEKAPTOBWI CTENiHb M-€IEMEHTHOI MHOXUHHU X
MICTUTb m° €JIEMEHTIB.
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Hoseneny dopmyny (11) MoxxHa HaOYHO 300pa3uTH 3a JOITOMOTOIO Kpec-
JIEHb 0CODJIMBOIO BUIY, sSIKi HA3UBaIOThCS «iepeBaMuy». Hexait, Harpukian, MHO-
KMHa X CKTAia€Thes 3 YOTHPHOX eneMeHTiB: X =(x;, X,, X;, X, ), @ MHOXHHa Y
i3 Tprox enemenTiB: Y =(y,, y,, y; ). BisbMeMo Ha IUIOIIMHI AKY-HEGY/Ib TOUKY
Oi npoBeneMo 3 Hel YOTUPH Biapi3ku, 1O BiANOBiNaIOTh €leMEHTaM MHOXWUHH
X. 3 KiHLIg KOXHOrO Biipi3Ka NMpoBeeMO 110 TPU BiIpi3KH, 1110 BilMOBiAaIOTh
eJieMeHTaM MHOXHWHHM Y . Toxi koxHiit napi (x,c s y,) BiAMOBiAa€ LUISIX, IO MO-
YHHAETBCA B Toulli Oi cKIanaeThes 3 IBOX BiApisKis. Hanpukiian, mapi (x2 A )
BIATNIOBiNa€ LWIsAX, BUAUIEHUI Ha pucyrky 1. MHOXHWHA TaKMX LIUISAXiB 3HaXO-

JIUTBCS Y B3AEMHO OJTHO-

n \ % 0 3HaYHi BilIHOBi,E[l.-lOC:ri

3 MHOXHWHOIO KiHIiB

Bipi3KiB, MpOBEIEHUX

Ha IpyroMy Kpoui. Yuc-

JIO IMX BiApi3KiB AOpiB-

HIOE, 4-3 =12. SicHo, o

SKILO IONATH 1€ MHO-

XUHY . M, 1o ckia-

Ia€TBCA 3 IUSITH elie-

MEHTIiB, TO 3 KOXHOTO

Puc. 1 KiHUA Biapi3ka, npoBe-

JEHOro Ha Opyromy

KpoLl, TpeGa Gye NPOBECTH Lie MO M’STh Bilpi3KiB, ychoro Buitne 4-3-5 =60

nuiaxiB. Ile 4MCIO HOpIiBHIOE YMCIy €JIEMEHTIB [IE€KapTOBOro JoOyTKy
XxYxM.

Bnpasn
16. doBexiTh, 110 VIS BCiX m > 2

n(X,UX,U...UX, ) =n(X,)+n(X,)+..+n(X,),
ne X,, X,,..., X,, — nonapHo HenepeciuHi (o610 X, N X; =@, AKWo0i # j)

m
CKiHYEHHi MHOXHHHU. ,

17. JoBenith, 10 cyMa BHYTPIlLIHIX KyTiB OyIb-SIKOTO ONYKJIOTO n-KyTHHKA
piBHa 2d(n-2).

18. Hosenith, 10 YHCIO JMiaroHaje Oyob-SIKOr0 ONYKIOro #-KyTHHKA

N -3
IIOpiBHIOE n_(n_z__)_
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9. lHayKuia B reomeTpii
Meron MaTeMaTH4HOI iHOYKUii 3HAXOJUTb 3aCTOCYBaHHS i B reoMetpil.
HaBeneMo npukiianm.

IIpuknan 15
HoBenemo, 1110 7 pi3HUX TOYOK, 1O JIeXKaThb Ha NMpAMiit, OUIATh ii Ha n+1
iHTepBaI (3 IKUX JABa iHTEpBaJIM HECKiHYEHHI).

Po3p’a3anns

ITpu n =1 ue TBepOKEHHA iCTUHHE, TOMY LLIO OfHA TOYKa JUTUTh NPSAMY Ha
14+1=2 intepBanu. IlpunyctuMo, 10 BOHO iCTMHHE TIpU n=k, TOOTO 1O
Oynb-fKi kK pi3HMX TOYOK AiIATh MpsIMy Ha k +1 iHTepBai. BisbMeMo Tenep Ha
npsamiit k +1T04kn 4, 4,, ..., A,,,. AKIIO BIIKMHYTH TOUKY A, , 3ATHLIUTBCA K
TOYOK, 1O AUIATH NpsAMY Ha k + 1iHTepBai. Touka A,,, 1eXUTb Ha OAHOMY 3 LIMX
iHTepBaJiB i AiNUTH flOro y CBOIO Yepry Ha ABa iHTepBayik. ToMy 3arajibHe UUCIIO
iHTepBaiB, Ha sIKi AUITH IPsiMY K +1 TouKa, nopiBHIOE (k +1)+1=k+2.

OTxe, Hallle TBEPIKEHHS iCTUHHE NIpU 1 =1, a 3 ioro icTHHHOCTI pu n =k
BMIUIMBAE, 1110 BOHO iCTUHHE i ipy n =k +1. TuM caMuM 10BeaeHO, 1110 BOHO
icTuHHe Wis Gyab-akuxn e N.

IIpukaan 16*

Kinui Binpiska [AB] nponymeposani tudpamu 1 i 2. Posi6’emo ioro Ha
YaCTUHM TOYKaMH 4, 4, , ..., A,i10CTaBUMO y BilNIOBiAHICTh KOXHi 3 LIMX TO-
4oK oHy 3 uuop 1 un 2. [loBeaemo, 1110 YUCIIO Bipi3KiB, 1110 BUALLAM NPU PO3-
Mo, KiHLIi IKMX MalOTh Pi3Hi HOMEPH, HEMapHe.

Po3B’a3anus

JJ1st 3py4HOCTi Ha3BEMO BiIpi3KH, KiHLi IKUX MalOTh Pi3Hi HOMepH, pi3HO-
GapBHMMM, a BiIpi3KH, HOMEPH KiHLIB SKUX OIHAKOBi, — OJHOKOJIipHUMM.
IIpu n =1Bigpizok [AB] po30uTHI1 Ha iBa Bigpizku. Axuit 6 HOMep HE NPUTTH-
caTy TOYlli A, 10 AUMMTL LeH BiOpi3oK, BUilAe OAMH ONHOKOJIpHMIA i OOMH
pisHOOapBHMIT Bilpi3oK (puc. 2). Y UbOMYy BHUINAOKY TBEPIXXEHHSI iCTUHHE.
IIpunmycTMoO, 110 BOHO CHpaBeIMBO [UIA BUMNaaky n=k. BispmMeMo Ha
Binpisky [AB] k+1 Touky:

A, Ay, A, A, 1 mocraBUMO '? f' f
UMM ToukaMm HomepH 1 i 2. Bimku- (1) ¢)) 2
HYBILH TOYKY A,, , OnepXuMo po3- 4 A4, B
GMBKy Biipi3ka Ha k+1 Bimpisok, (1) ) %))

MpUUOMY, 3a  IPHUIYILEHHIM Puc. 2
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iHAYKUi1 KiIbKiCTh pi3HOOapBHUX BilIpi3KiB y HOMY BUIAAKy HenapHa. Po36e-
peEMO MOXUIMBI BUTIaIKH.

a) Touxka A, 1eXUTh Ha pisHO6apBHOMY Bifpi3Ky. Toni mpu 6yab-aKkiit Hyme-
pauii TOUKH A,,, Y1cyIo pisHO6apBHUX BiIPi3KiB He 3MiHUTECS i TOMY 3aJIH-
IIUTBCS HETIAPHUM.

6) Touka A,, NE€XHUTb HAa OXHOKOJpHOMY BiApi3Ky. Toxi, sSIKIO ToYKa A,
ONEPXUTh TOM Xe HOMep, IO i KiHUi Biapi3ka, 4uclIO pi3HOGAPBHUX
BiZpi3KiB HE 3MiHUTBCS (BMXOIMTD ABA OMHOKOJIPHMX Bimpizku). SIKIIo X
KiHLIi Billpi3ka MaJi¥ OOWH HOMED, a Touka A,,, — iHIIMiA, TOo odanyThCs
JBa pi3HOGApBHUX BiApi3KM, i TOMY, 3arajlbHe YMCIIO Pi3HOGAPBHUX
BiZIpi3KiB 3aJIMLIUTHCS HEMAPHUM.

OTXe, TBEPIXKEHHS iCTUHHE TIPU 1 =1, i 3 fOr0 iICTUHHHOCTI NpH 1 = k BU-
TJIMBAE iCTUHHICTD i NpM 1 = k + 1. BUXOAUTB, 1110 BOHO iCTUHHE NIPU BCixn € N.

IIpuxnan 17

Hexait Ha IUTOLLMHI JaHi n'TOYOK: A4, A4,, ..., A,. 3’ €AHaEMO IesKi Tapy LuX
TOYOK JIiHiIMM TaK, LI0 HifgKi ABi JiHil HE MalOTh CMUJIBHUX TOYOK, BiAMIHHHUX
Bill 4, 4,,..., A,. 11i niHii 3a1a10Tb po36MBKY IJIOLMHM Ha KiJIbKa 00GIacTeM.
HasBemo TOUKH A, 4,, ..., A, BEpLIMHAMY CITKH, 110 BUIILLIA, JIiHIT — 1i pe6-
pamu. Yucno pebGep MO3HAYMMO uepe3 #, YHUCJIO OOJacTeil (BKIIIOYAIOYM
HeCKiHYeHHY 00JIacTh) — Yepes3 §, a YMCJIO BEPIIMH — Yepe3 1 (HanpuKiIa, [is
ciTku, 306paxeHoi Ha puc. 3, n=35, r =7, s =4). CiTKy Ha3uBalOoTh 3B’A3HOIO,
mo pebpax CiTKM (Hanmpukian, citka Ha puc. 3 — 3B’s3Ha, a Ha puc. 4 —
He3B’s13Ha). 3HAIEeMO 3aJIeXHICTh MiX A, m, S Y BUNTAIKY 3B’SI3HOI CiTKH.

4, 4

Puc. 3 Puc. 4



Meton mateMaTnyHoI iHAyKUii 79

Po3s’sa3anns

3po3yMiJio, 110 NpH # =13 Oyab-SKOi BEPUIMHHU 3B’I3HOI CiTKM BUXOIMNTH
xouya 6 ofHe pebpo. BepiunHu, 3 9KMX BUXOOUTH TiJIbKU OOHE pe6po, Ha3BEMO
KiHLEBMMHU (BepluMHa A, Ha puc. 4). SKuio ciTka CKIagaeTbesl 3i CTOPiH
n-KyTHMKA, TO F =hn, @ § =2 (KOHTYpP MHOTOKYTHMKA OUIUTh TJIOLIMHY Ha IBi
o6sacti). ToMy BUKOHYETbCS PiBHICTb n—r+ 5 = 2. L1s piBHiCTb 36epeXeThcs,
AKILIO BCepeArHi MHOTOKYTHMKA B3ATH TOUKy O i 3’€qHaTH ii 3 yciMa Bepluu-
HamMu (puc. 5) — Buiige n+1 obnacte, n+1 BepuwinHa i 2n pebep, a
(n+1)=2n+(n+1)=2. 36epexeThCs PIBHICTH i y BUIIAKY, KOJM 3 NESKHX BEP-
IIMH BUXOASATHh «BHCSYi» pebpa (Ha-
npukian, pebpo A, A; Ha puc. 4) —

KOXHe Take pe6po noaaeli B uucino pe-
0ep, i B YUCIIO BEPIUMH, HE 3MiHIOIOUU
yucia obnacreil, a TOMy He 3MiHIOI0UU
i 3HaYEHHS BUpa3y n—r+s.
3po6JieHi CITOCTEPEXEHHSI NPUBO-
ISATh AO TinoTe3H, 110 NMpaBWIbHE Take
TBEPIKEHHA: I Oyab-fIKOi 3B’SI3HOL
CiTKM Ha IUIOILMHI Ma€ Miclie piBHICTh
n-r+s=2. Ile TBEpIKECHHS Ha3M- Puc. 5
Ba€eTbCcs meopemoro Eiinepa.

JloBemeMO 1[I0 TEOpeMy METOIOM MaTeMaTU4HOi iHAYKUii, npuyoMy
iHAyKLi0 MpoBeaeMO o YUCITy F pebep. Akuio 7 =1, To MaeMo oagHe pebpo, 1o
3’eiHye TOUKHU 4, i A,. Lle pe6po He po3buBae MIOLIMHY Ha YaCTUHH, i TOMY
s=10Otxe, n=2 r=1,s5=1,itoMy n—r+s =2 Buxoauts, Ui 1LOTO BUMAIKY
TeopeMa CIpaBelyIMBa.

Hexait Teopema Eiinepa Bxe noseneHa npu r=k. BisbmeMo citky,
110 MiCTUTh k +1 pebpo. Hexaii 1ist Hel yMCIo BEPUIMH 4 i Yucio obacTeii s.
Mu xoyemMo JOBECTH, LIO n—(k+l)+s =2 Po36epeMO ABa MOXJIMBUX BH-
MagKu.

a) Y ciTlli € 3aMKHYTHf LIUIAX, 1110 BUXOOUTH 3 JESAKOI TOYKH i MOBEPTAETHCSA
B Hel. Y LbOMY BUIIAAKy 3iTpeMO oiHe 3 pebep, 110 BXOASTH Y Liel 1IIsAX.
Yuco BepIIMH He 3MiHUTBCA, a YMCIIO pebep i uucio obnacreit 3MeH-
muThea Ha 1 (crepte pe6po po3ainsuio ABi 0651acTi, O Tenep 3’ €AHAINCS
B 0JiHY). OTXe, BUiie 3B’513Ha CiTKa, 1110 CKJIaJa€ThCs 3 1 BEPLIMH, k pebep
i s—1 obyacteil. 3a mMpUIylIEHHAM iHOYKUii, n—k +(s —l) =2. Aie ue
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o3Havae, o n—(k +1)+s =2, To6T0 110 TeopeMa Eitiepa npasiwibHa i mwis

CIOYATKY Y34TOI CITKH.

6) Y ciTui HeMa€ 3aMKHYTHX LUISAXiB (TaKi CiTk¥ Ha3uBaloTh AepeBaMu). Jler-
KO IOBECTH, 110 B TaKiii CiTIli € Xo4ya 6 oJfHa KiHIIeBa TOYKa (10 Hei MOXHa
IiATH, BUMILOBIIY 3 IKOi-HEOYb BEPLIMHHM CiTKH i pyXalouuCh Mo ii pe6-
pax; 4epe3 Te, 11O B CiTLi HEMa€e 3aMKHYTHX LUISIXiB, MM HiKOJIK HE ITOBEp-
HEMOCS y BXE NMPOAAEHY TOYKY i paHO YM Mi3HO MOTPANMMO B KiHIIEBY
To4YKy). KpiM Toro, [uig Takoi citku s =1, ToMy 110 AepeBO, BOYEBH/Ib, HE
po30MBaE IUIOLIMHY Ha YACTHHH.

BinkuHeMo KiHLIeBY TOUKY i pe6po, 1110 3 Hei BUXOAUTh. OIepKMMO 3B’ A3HY
CiTKy, 10 MicTUTh n—1 BepluuH, k pebep i ogHy 06JacTb. 3a NPUNYIIEHHAM
iHoykuii n—1-k +1=2. Buxonurs, n —(k + l) +1=2, T00TO i y ILOMY BUIIAAKY
TBEPIKEHHS iCTUHHE , OCKJIbKH § =1.

Otxe, TeopeMa Eiepa icTMHHa Ui CiTOK, LIO CKJIAHAalOThCA 3 OJHOTO
pebpa, a 3 ii iCTHHHOCTI 1A CiTKH, 110 CKJIANAEThCA 3 k pedep, Burumsée, 1o
BOHa iCTMHHa i IJIA CiTKM, IO MIiCTMTb k+1 pebep. TakuM YMHOM, 3riTHO
3 IPMHUIMIIOM MaTeMaTUYHOI iHAYyKIIii, BOHA iCTHHHA JUIA BCiX CiTOK.

Bnpagu

19. Hexait Ha Bimpi3Ky [AB] y3ati n To4oK i 1i TOYKH, TaK caMo fK i KiHLi

Bipi3ka, 3aHymepoBaHi uudpamu 1 i 2, npuyoMy Touka A oiepxaia HO-

Mep 1, a Touka B — Homep 2. [To3HaunMo Yepe3 r YUCIIO Bipi3KiB, JiBMi

KiHelb'sIKMX ofiepXaB HoMep 1, a nmpaBHif — HOMep 2, a Yepe3 § — YUCIIO

BiIpi3KiB, y fIKUX JIiBUil KiHellb ofgepXkaB HOMeEp 2, a npaBHit — HoMep 1

(BBaXXa€EMoO, 1IO0 TOYKA A JIEXUTh JBOpYY Bix Touku B). HoBenmirh, LI0

r-s=1

Ha nnowmuHi npoBeaeHo n npsiMux. JoBeaiTh, 10 00J1aCTi, Ha SAKi 1ii IpaMi

pO36MBAaIOTH IUIOILMHY, MOXHa nogapObyBaTu 6iiolo i yopHolo dhapbamu

TakK, L0 CycifHi obsacTi (To6To obnacTi, L0 MaIOTh X04a 6 oJlHE CITUIbHE

peGpo) GyayTh MaTH pi3HMH KoJlip (po3dapOyBaHHs 3 TAKOIO BJIACTHBICTIO

Ha3UBalOTh MPaBWIbHUM).

21. Ha mioutuHi jaHo n xin. JoBexdith, 110 o6JacTi, Ha AKi BOHM po30uBa-
I0Th TUIOLIMHY, MOXHa NpaBWJIbHO po3dapOysatd B Ginmit i YopHMH
KOJIBOPH.

22. JloBeniTh, 110 KapTy MOXHa NMpaBWIbHO po3dapbysath aBoma dap6amu
BTOMY i TUIBKM B TOMY BUITAJIKY, KOJIM B KOXHiit BEPIIVHi CXOAUTHCA NTapHe
Yyucjio pebep.

20

5
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Binnosiai

n(n+1)
1.5, =158,S.,, =—164.2. Hi. 4.2)—"—: 6) ——; B)(-1)" —Z.
316 o - )2n+] )3n+1 () 2

1 n+2
5. a)—:—l‘, G)m. 7. a)nZS, 6)”210 11. a,,=a,+a +a, +...+a,,. )

3AIAYI BCEYKPATHCBKMX MATEMATHYHUAX OJIIMITIALL

Hwxye nponoHyloTecsl 3afadi BceykpaiHCbKMX MaTeMaTUYHUX OJliMITiaj
Pi3HMX eTamiB, JUIl PO3B’SI3aHHS SIKUX BUKODUCTOBYETHCS METON MaTeMa-
TUYHOI iHAyKLii. Y gyxkax Giis HoMepa BKa3aHi KiacH, sikuM OyJiu 3alpono-
HOBaHi i 3agayi.

1. (7—8) oBenits, 1110 AOBUIBHY CyMy rpollieii, Ginbluy, Hix 7 KOI., MOXHa
CIUIATHUTH MOHETaMH BapTiCTIO B 3 KOII. Ta 5 KOM.

Po3p’s3anus .

IHayKuio BeAiTh MO YKCIy, AKE BUPAXa€E CyMy BCix komiiiok. baza. Cymy
B 8 KOII., GYUeBUAHO, MOXHa crulatuTH. Kpok. TIpunycTMMO, LIO HaM BIaTocs
CIUIaTHTH CyMY B 1 KONiOK BKa3aHUMM MOHeTaMHU. SIK1lo cepel HUX € MOHETa
B S KOII., TO 3aMiHHMMO ii Ha ABi MOHETH 11O 3 KOII. i 0IepXHUMO CyMy B (n + 1) KorI.
SIK1i0 X BCi MOHETH CYMH IO 3 KOII., TO iX He MEHILE TPbOX i, 3aMiHMBLIN TPU
MOHETH IO 3 KOII. Ha ABi MOHETH I10 5 KOIIl., MM TaKOX 30i1bIIMMO CyMy Ha 1.

MoxHa cKopucTaTucs i iHmoio dopMolo iHaykuii. baza. Cymy B 8 ko,
B9 Kom. i B 10 Kor1., o4eBHIHO, MOXHa CIUTaTUTH. Kpok . [IpunycTiumo, 1o Ham
BAAJIOCA CIIATUTH CYMY B # KoII. JloJaBIIy 0 Hel 1iie OMHY MOHETY, BapTiCTIO
B 3 KOII., OAEPXUMO CyMY B (# + 3) KOII.

i 1 . .
2. (8-9) diitcHe 4uCIIO X TaKe, 10 X+ — — Liie yucio. Josenirs, o ains
: X

. 1 .
JOBUIBHOI'O HAaTYPaJIbHOI'O A YUCJIO x" + — TaKOX HUIE.
X

Bkasiexa. BUKOpPUCTaBIIM iHAYKIIIO O YMCIYy 7, CKOPMCTalTeCh TO-

TOXHICTIO
s ( 1)( l)( 1)
x"+—={x"" + X+— |- X"+ .
xn xn-l x xn—2
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i

n(n+1) _ n(n+1)(n+2) 14 Beix HaTy-

2 6

3. (9) dosenith, mo 1+3+6+...+

paJIbHUX A.
Brasiexa. InnykuiitHuii nepexig 3BOAMTHCS IO NMEPEBipKH PiBHOCT:
n(n+)(n+2) + (n+D)(n+2) (n+1)(n+2)(n+3)
6 2 6 ’

sIKa € iCTUHHOI0 U1 OyIb-SIKMX HATypaJIbHUX 7.

[

4. (9—-10) Hexait @ — uine HenmapHe YUCIO, X Ta y KOPEHi PiBHSAHHSA
t? +at-1=0.oBenits, mouncnax* + y* Tax® + y* — uini i B3aemHo npocri.

Po3B’sa3aHHsn

JIOBEMITh iHAYKLIIO 1O YUCIY A, 100 YKcaa X" +y" ta x™ + y™ — wuini ta
B3aeMHo npocti. basza. x° +y° =2; x' + y' =—a. 3a yMoBolo @ — HemnapHe,
TOMY ai 2 B3a€MHO nipocTti. Kpok indykyii. Hexait BXxe 1oBeaeHO, 110 X"+ y" Ta
x™ + y™«— uini B3aEMHO NpocTi yKca. '

OCKiJIBKH, X Ta y KODEHi piBHAHHA t2 +at-1=0,T0 x+y=—ai xy =-1.
Toni nicranemo .
x™? +yn+2 =(xn+l + ynﬂ )(x+ y)-—x”"‘y-—xy”" =—a(x”*’ +.yn+l )+(xn +y" )_

n+l n+2

+y™ . Toni
X"+ y" =x"? 4y +a(x"*' + y"") OUTMTBCA Ha d, TO6TO d — CHUTbHMIA

'

uisie yncio. Hexait d — cniibHuit AiibHUK yncen x™ + y™ ta x

IUTBHUK umcen x" + y" ta x™ + y™ . Orxe, d =1, T06TO
HCII (xm-l + ynﬂ; X" 4 yn+2 )=l.

5. (9—-10) daHo nmexinbka KBaapaTiB 3araibHoi rutouri 1. JoBenite, 1o ix
MOXHa p0o3MiCTUTH 6€3 HakIaJaHb BCcepeJuHi KBaapaTa 3i CTOpPOHOIO 2

Bkasiska. JoBeliTh 3a JOMOMOTOI0 iHAYKIIii (ITO YKCITY /1) TaKe TBEPIDKEH-
Hsl: 1 KBaJIpaTiB 3arajibHoOI IUIOLL S MOXHa pO3MICTMTH BCEpeAMHi KBaxpara
3i CTOPOHOIO 2/S. st 1boro po3rnisiHbTe HaOUIBILINMIA 3 # KBAIPATiB.

6. (9—10) doBecTH, 110 YUCIIO, AKE 3AMMCYETHCA 33 AONMOMOrolo 3" onu-
HULb, IUTMThCA Ha 3" . (MaeThcs Ha yBa3i IeCATKOBUIA 3aImuc).
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Po3B’s3aHHs
To3HaYMMO Halli YKcna Tak: x, = 11..11 , ne n — HaTypaJibHE YUCJIIO.
——
3" opuHKUb
Ham nmotpi6Ho noBecTH, 1o X, : 3".
3acTocyeMo iHOyKLilo.
ba3a indyxyii. Tlpu n =1, Maemo x, =111: 3, 3a 03HaKol0 NoAUILHOCTI Ha 3.
Otxe, x,:3'.
Kpok indyxyii. Hexait x, : 3" [1s 0esIKOro HaTypaJIbHOTO A.
Hosenemo, 1o x,,, ;3™

HiicHo,
X, =11..11=11..111..111..1=11..1-10**" +11..1-10* +11..1=

— e~ Y — ~—
jn+l 3 3" 3" 3 3n 3n

— 3" 3" - 3" 3"
_11:..1 (100 +10 +1) —x,,(IOO +10 +1).
OCKiJIbKH X, : 3" 32 IPUIYLIEHHSAM, a YUCIIO (1003" +10*" + l) :3 (60 BOHO

Mae Buraa 100...0100...01 i itoro cyma undp 1opiBHIOE 3), TOMY X,,, AUIUTHCS
Ha3"-3=3", o i Tpe6a 6y0 JOBECTH.

003

2
7. (9) Josenits, 1110 YHUCIIO (l + «/5) MOXHa NoJiaTH y BUIJIsINi a + b2, e

a i bB3aeMHO npocTi Ui yucia.

Po3B’a3aHHs
MeTomoM MaTeMaTHYHOI iHAYKIlii JOBeaeMO Oiblil 3arajibHE TBEPIKEHHS:
U151 KOXHOTO HAaTYpaJIbHOTO 1 iCHYIOTh TaKi B3aEMHO IPOCTi YMcia ai b, 1110 BU-

KOHYETbCS PiBHICThb (1 + ﬁ)” =a, +b, V2.

basa indyxyii. Tlpn n =1 onepxyemo a, =11 b =1 i npu ubomy (a,,bl) =1
(tyT uepe3 (@, b) 103HaUECHO HANGLNBLIMI CTIIBHUI AUTBHUK HATYPATLHUX YU~
cenaib).

Kpox indykyii. Hexait (1 + «/5)" =a, +b,v2,1e(a,,b,) =L

Hosenemo, 1o (l + ﬁ) " Gy +b,2, 0 (@psbra) =1
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HiiicHo, .
(1 + «/5)”“ =(1 +J§)(1 +«/§)” =(1+«/§)(a,, +b, «/5) =
=(a, +25,)+(a, +b, V2,

tobro a,, =a, +2b,,b,, =a, +b,.
Ockineku a, i b, — HaTypaJIbHi UKCHa, TO @, i §,,, — HaTypaJIbHi YKCIIa.
Hosenemo, mo (a,,,b,,)=1. Tpunycrumo, wWo ue He Tak, Tomi
(8,4:b,4)=d, d>1 — marypaneue wumcno. Tomi a,,id i b, d, ame
b, =a,,-b,, —aimrecaiHad ia, =2b,, —a,, — niutbcsa Had.OTxe, d >1—
CTUTBHMI NUTBHUK @, i b, , 1O CymepeduTh yMoBi (a,,, b, ) =1.
OnepkaHe NpOTHPivYs 3aBEPLIYE JOBEACHHS.

8. (9) IocainosHicTh {a,,} 3aJlaHa PEKYPEHTHMM crocoboM: a, =m,
a,, =4a, +2° Ui BCiX HaTypaJbHHX 1, m — JaHe HaTypajibHe YUCIo. JIoBeiTh,
LLI0 cepeal WIEHIB L€l MOCIiI0BHOCTI 3HAE ThCs Geantiv ynce)1, AKi AUIAThCA Ha 3.

\

Po3B’s3anHs ,
3a qonoMorolo iHayKLii (1o YKUCIIy #) JOBEAEMO, 1O
a,, =m+2" +27 4+, 42, R
basa indyxuyii. TIpn n =1, BAKOPUCTOBYIOYH PEKYPEHTHE CITiBBiIHOLIEHHS,
olepxuMo a, =a, +2% =m+2",
. o “ a a a,._;
Kpok indykyii. Hexait a, =m+2" + 2% +., 42 [uis IesIKOro HaTypajbHO-

ron>l.
JoBeneMo, 1O TOMi a,,, =m+ 2% + 2%+, 42% 4+ 2%,

HiiicHo,
a,,=a,+2" =-(m +20 427 4 420 )+ 2% =
=m+2" +2° .. 42,

1110 i Tpe6a 6yJI0 JOBECTH.
KoxHe 3 uncen Bursiny 2°, ae a € N npu ainieHHi Ha 3 1ae ocrauy 1 a6o 2:

TIpY MapHHUX @ Ia€ OCTavy 1, Npu HEMapHUX g Ja€ ocTayy 2.
1) Hexait m — napHe ymcino, Toai a, — napHi yucnia, To610 2 = l(mod3).

SAxmom=3k,nek e N,104,:3,a,:3,a,:3iT. 1.
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JHiiicHo,
8p3 —4ay =(m+ 29 42 4. 42% )—(m+ 29 42 4. 420 ) =

=2% +2% 4+ 2% =1+1+1=0(mod3). *)

SAxmom=3k+1,T04,:3,a,:3,a,:3iT. 0 (60 Mae micue (*)).

Axmwo m=3k+2,104,:3,a,:3,a,:31T. & (60 Mae Micue (*)).

2) Hexalt m— HenapHe, Toi BCi ¢, — HEMapHi YMcia, T0610 2* = 2(mod3).
Kpim Toro, a,,; —a, =2 +2* +2° =2+2+2=0(mod3).

Hani onepXXyeMo aHaJIOriYHHUIiA pe3ysibTar, 1K i y BUNaaKy, KOJIM m — rnapHe
YUCIIO.

OTXe, MM JIOBEJIH, 1110 iCHYE 0€3/1i4 YJIeHiB JaHOI MOCIiIOBHOCTI (TpeTH~
Ha), KOXHHI1 3 IKMX IUTUThCS Ha 3.

9. (10 —11) osenitb HeplBHlCTb
1

1 2
2J' NN AR e

JUIS BCiX HaTypaJIbHUX .

Po3B’a3aHHs
JloBeneMo HEPiBHICTb METOIOM MaTemaTuqu'f iHayKLii.

ba3za indykyii. llpu n =1, Maemo 1 =——— <3-— —l 110 € MPaBUJIbHUM.

WA

Kpoxk indykyii. Hexaii st [esiKOro HaTypajibHOTO 1 > 1.

WL RPN TP

P AR ek
1 1 1 s 2
~/_ nJ— (n+ l)J;zT «/m '

Hosenemo, mio 1+ ——

HiiicHo,
1+ L +...+ ! + l <
22 T nin (n+1)4n+1_
2 1 2
<3—+ <3- .
Jn (n+)Wn+1 Jn+l
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Hnsa HOBCI[CHHH OCTaHHBOI HEPIBHOCTI HEOOXiIHO MJOBECTH TaKy
2 1

J— Vn+l (n+l)«/n+
HiiicHO, 11 HEPiBHICTh €KBiBaJICHTHA TAKUM HEPiBHOCTSAM:

2(Vn+1-vn ) 1
Vnn+1 (n+1)Jf51—
2n+1)(Vn+1-n) 2,
2(n+ 1)(«/11_+_f -«/Z)(\/Eﬁ + «/5) > JZ(M + \/;),

2(n+1)21/n(n+1 +n,
n+22,/n(n+1),

n* +4n+4>n* +n,

HCplBHlCTb

3n+4 20— npaBUIBHO IS BCiX HATypaJIbHUX A.

10. (10—11) JaHO NMOCiAOBHICTb a,, 4, 4, , ..., 4, , .... BilOMO, 110:

a)0<aq, <q,<...<a, <.,
0) saxmo b, =a,,, —a,, T0b 2b 2b, 2...2b, >....

. . a, a
J0oBECTH, L0 MOCTIAOBHICTS 4, , 72, ?’, ... HE3pOoCTaloya.

Po3B’s13aHud

. a, _a,
Ham notpi6Ho n10BeCTH, 11O g, = > > 3 ...

JloBezeMo 3a IOIOMOrolQ iHayKliii (1o 'mcny 1) TaKy HepiBHICTh — an > 1 .
n n+

, " a _a
Baza indykuii. Tlpu n=1 maeMo —+>-2 ¢ 2a >a, & a, 2a,—a, —
1 2 1 2 1 2 1

NpaBWIbHO, 60 32 YMOBOIO b, 2 b <> a, —a, 2a, —a,ia, >a, —a,
Kpok iuayxuii' Hexait nnsi mesKoro HaTypajJbHOrO 7 >1 BMKOHYETBCS

HeplBHICTb <Gnt
n n-1
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a a
Hosenemo, mo —+- <=,

n+l n
ﬂlﬁCHO, et 2 g <a,-a,, 2a,,-a, < a,, <2a,-a,,.
a, a
3pinkn —L <200 "ot (On
n+l n+l n

OcTaHH#S HEPiBHICTb €KBiBaJIEHTHA TAKUM:
2na, -na,_, <(n+1)a,.
(n-Da, <na,_,.
a _a
- <l npaBWIBHO.
n n-1
11. (10—11) Ha rommHi qaHo HaGip 3 # BEKTOPiB, JOBXMHA KOXHOTO 3 SIKUX
He nepesuiye 1. JJoBenits, 110, 3aMiHMBIUY JESKi BEKTOPH LILOrO Habopy Ha
TPOTWIEXHi, MOXHA oflepXaTH HaGip BEKTOPiB, CyMa SIKMX MA€ JOBXUHY:
a) sika He NepeBUlIye Jn ;
6) siKa He NepeBuIyE /2.
Po3p’a3anus

O6uBa TBEPIXKEHHS JOBOAATHCS METOIOM MaTEMAaTUYHOI iHIYKIILi.
a) ba3za. SIxio n =1, TO TBEPIXEHHSA OYEBUIIHE:

a|<1=41.

a

Kpox indykyii. TIpunycTuMo, 110 TBEP/UKEHHS 3ajadi CIpaBEeAIMBE Ui
JOBLIBHOrO HabOpy 3 7 BEKTOPiB, JOBXHUHM SIKMX HE NMEPEBUILYIOTh OTMHHUIL.

. - . > o - -
PosristHEMO foBUIbHMIL HaGip 3 (n+1)-r0 BEKTOpa< 4;; a,;...; 4, 4,,, ¢, JOBXH-

HH AKMX He IepeBHInyIoTh 1. 3a npunyLeHHAIM, 3aMiHMBILIM AEsKi 3 BEKTOPiB

- - - R . . . = = =
a,;a,;..; a, HaIPOTHJIEXHi, MM IicTaHEMO Ha6ip BEKTOPiB< b; b,; ...; b, ¢, s

'

SIKOTO BUKOHYETBCSI HEPiBHICTh

|é|<vn,

I - ! .
ae ¢ =b+b,+...+b,. TToxnanemo b,, —a+,, ﬂKl].lO ¢-a,, <0, i nokamemo

n+

’b;:, =-a:+,, AKILO ¢ -a:;, > 0. Toxi Habip {l_); ; 32 5o By b;:l} — LIyKaHWii, 60
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2
<

n+l

<n+l ‘

!

6) s moBeOeHHS CKOPMCTaii-
Tech pucyHKoM. Slkiuo | &| <1, To Bce *
JIOBEAECHO; SKIIO X l<lE|s«/§, TO °

- i —> .
Kom ¢-a,, >0, mu 32 b,, BizbMEMO

n+l

-a_,, Toxi (dus. puc.)

n+l?
c+b, =|.§|s|6|sﬁ, wo i Tpeba

Oyno moBecTU. Y IpPyroMy BUIMAIKY

. —> . d
noTpibHo noxkJyiactu b,,, =a,

-+ °

12. (10—-11) Onykiumit MHOTOKYTHMK OyIE€MO Ha3MBaTH <«KPaCHBHM»,
SIKILIO BUKOHYIOTBCSI TaKi YMOBH:
a) KOXHa ioro BepiHa rmodap6oBaHa B OWH 3 TPHOX KOJIbOPIB;
6) Oyab-siKi ABi CyciiHi BepIIMHU MHOroKyTHHKa nodap6oBaHi B pi3Hi Ko-
JIbOPH; '
B) JUIS KOXXHOTO 3 TPhOX JAaHMX KOJIbOPiB 3HANAETHCA MO MEHIIiH Mipi ogHa
BepIIMHA MHOTOKYTHMKA, siKa nogap6oBaHa B 11eit Koip.
HoBeiTh, 1110 OyAb-SIKUi1 «<KPAaCUBHUIf» n—KyTHHUK (1 > 3) MOXHA po3pi3aTH
JiarOHaJISIMU, AKi HE TEPETUHAIOTHCS, Ha «KPAaCUBi» TPUKYTHUKH.

Po3s’s3aHHA

CKXOpHCTaEMOCH METOAOM MaTeMaTHUYHOI iHIYKIIi.

basa. Tlpu n=3 TBepIKEHHS 3aiayi OYEBUIHE: BEPIIMHU «KPaCHBOIO»
TPUKYTHHKA nodap6oBaHi B TpH pi3Hi KOJIBOPH i HiIKHX po3pi3iB He Tpeba.

Kpok indyxyii. TIpunycTuMo, L0 TBEPAXEHHS 3ajadi cripaBeUIMBE IS
JIOBLIBHOT'O «KPaCHBOIo» n —KyTHHKa (1 2 3). PO3rIsIHEMO IOBUILHUI «Kpacu-
BUil» (n+1)-KYTHHK i JOBeIeMO, BUKOPUCTOBYIOYM NMPUIYLICHHS, 10 HOro
MOXHa po3pi3aTH BKa3aHUMMH JiarOHAJSIMM Ha «KpacHBi» TPUKYTHMKHU. [lo-
3HayeMo yepe3 4,, 4,, 4,, ..., A,, A,,, — NOCIIiOBHiI BEPUIMHH (1 + 1) -KyTHHKa.
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K110 B IesAKM# 3 TPhOX KOJIbOPiB nodapOboBaHa JIMIIE OqHa i3 BEPIIMH 1LIbOTO
(n+1) -xyTHUKa (a TaKa CUTyallis] MOXJINBA /Il «KPaCUBOTr0» YOTUPUKYTHUKA
Ta I’SITUKYTHUKA), TO, 3’€MHABINM 1[I0 BEPILIMHY HiarOHaJIIMM 3i BCiMa He-
CYCiIHIMM 3 HE10 BEpLUIMHAMHU (4 + 1) -KYTHUKA, OIEPXHUMO NOTPiOHE pO30OUTTI
(n+1) -KyTHHKA Ha «KpacuBi» TPUKYTHUKH. SKIIIO X Y KOXKHHUI 3 TPHOX KOJIb-
opiB nodapboBaHi y KpaitHbOMY pa3i Bi BEpLIUHMU (1 + 1) -KyTHHKA, TO B 1{bOMY
BUNAAKY B papOyBaHHi JOBiIbHUX /1 BEPILMH (n + 1) -KyTHHKA 000B’I3KOBO Oe-
pYTh y4acTb BCi TpH KobopH. [TodHaunMmo undpoio 1 konip, B sskuii modap6o-
BaHa BEpILMHA 4 , a M polo 2 Koip BepiunuHu A4, . Hexait k (k > 3) — HalimMeH-
vt HOMeEp, TaKHii, 110 BeplliMHa A4, nodapboBaHa B TPETii Komip. Binpixemo
Bil (n+1) -KyTHMKa TPUKYTHUK A,_, A, | A,. Y BINOBIIHOCTi 3 O3HaYEHHAM
yycia k BCi BEPLUMHYU HBOTO TPUKYTHUKA NodapOboBaHi B TpU Pi3Hi KOJBOPH
(KOXHa B OAMH 3 TPbOX), TOOTO LIei TPUKYTHUK «KpacCHBUH». MHOTOKYTHHK
AA, A A A, A, TKN] 3TMLIMBCS, TaKOX Oyle «KpacMBHUM» i 3a NMpHU-

n+l

MYILEHHAM PO3OMBAETHCA Ha «KPACUBI» TPUKYTHUKHU.

13. (10—11) Josenitpb, 110 1Jis1 AOBUTBHOTO HATYpaJIbHOTO /1 CTNIPAaBEIMBa

PiBHIiCTB ’
\/2+\/2+ +\/2+«/§ =200527n“.
* n :maxi; KOpEHs ’
Po3s’a3aHus

CKOpHCTaEMOCH METOJOM MaTeMaTHUYHOI iHOYKLIi.
K. 2
bBas3a. Ilpu n =1cdopMynboBaHe TBEPIXKEHHS CIIpaBeINBeE, 60 CO! 1 = 5
Kpox indykyii. TIpunycTuMoO, 110 TBEPKEHHS CTNpaBelIuBe NpHU n=Kk,
i noBeneMo Horo crpaBe/UTUBICTb NpM 1 = k +1. CKOpHCTaEMOCS TOTOXHICTIO!

o .
1+ cosa = 2cos? > BYKOPHCTOBYIOYM MPUITYLIEHHS iHAYKLI, ONEPXYEMO:

' }/2+ 2+.Y..\/2+«/3=\/2+ 2cosz% =J2‘20052 2,% =2'°°S§Z%"

k+l

TOOTO NpH 1 = k + 1 TBep/KEeHHS cripaBedinBe. OTxe, 3a3HayeHa B yMOBI 3aaui
PiBHiCTB, cripaBeIJINBa IpH BCix # € N.
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14. (10—-11) oBeaith, 110 NpH1 KOXHOMY HATYpPaIbHOMY X YHCIIO
13-(—50)” +17-40" =30

IUTMThCS Ha 1989.

Po3p’a3anas
CxopHcTaeMOCh METOAOM MaTeMaTUYHOI iHgyKuii. Hexait

X, =l3-(—50)" +17-40" -30,
TOMi JOBEAEMO, 1110 '
Xy =3:13:17-(40" (=50 )+ x,,
OiuThcs Ha 1989.

Jpyruit jomaHok: x, — AUIMTBCA Ha 1989 3a npunyuieHHsM, a HepIuuit
MOXHa MEPETBOPUTH TaK:

3.13 -17-(40-(-50))-(40"-I +40"2 .(=50) +... +(=50)"" ) =
=1989-30-(40”" +...+(=50"" ).
TyT MM CKOPHCTAJIUCSI TOTOXHICTIO:
a" -b" =(a—b)(a"" +a" b+ +ab"? + b )

SIKY TaKOX MOXHa JOBECTM METOAOM MaTeMaTUyHOI iHAyKUil (3po6iTh Lie ca-
MocTiiiHo). Ockineku x; =0 aiuTecs Ha 1989, To x, mimnThcsa Ha 1989 mna
Oyab-skux n € N,

15. (11) 3HaiipiTe HaTYpaJIbHi YKCIA 4, b, ¢, AKi He minsaTbesa Ha 10 i Taxi,

106 NpH GyIb-1KOMY HaTypaJbHOMY k y uncen a* + b* ta ¢* 6ynu onqHakosu-
MH JIBi ocTaHHi uudpHu.

Bkasziexa. a=4, b=25, ¢=29. Jani, KOpUCTYyIO4MCh METOIOM MaTeMa-
THYHOI iHAYKMii, JOBENITh, IO MPH BCIiX HaTypaubHMX k uyncio 4% +25% —29*
AimThees Ha 10, To6TO OcTaHHi ABi Ludpy yncen 4* +25% Ta 29% onHaxoBsi.

16. (11) MocninosHicTs {a, } 3aaHa peKypeHTHUM criocoboM: a, =1, a, =1
. a, . ; . I
ia,, =a,, + -2-;-zma BCix 7 € N. JloBeliTh HEPIBHICTh @, <3 JUIA Gy/Ib-AKOTO Ha-

TYpaJIBLHOTO H.
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Po3p’a3anns
J7s1 1OBEOEHHS TBEPIDKEHHSI 3a/1aui IOCTaTHBO JOBECTH HEPIBHICTD
12
———— *
a, <3 > ™

i BCix n>3 (ockinteku a4, =1<3 i a, =1<3). Jlosenemo (*) meronmom
MaTEeMaTUYHOI iHAYKLL.
a 3 12
basza. Tlpu n=3 maemo:. a, =a, + =5 =3 BETE Ipu n=4 maemo:
+ & _3 +l—Z <3—1—2.
22 2 4 4 2¢
Kpok indykuii. TIpunycTUMO, 10 HEPiBHICTb
12
a,<3- *9
BMKOHYETBCA NMPU BCix k =3, 4, 5, ..., n, n+1(n>3). loBeneMo, BUKOPUCTOBYIO-
YU 11€ MPUITYLLIEHHS, 1110 HEPIBHICTh (* *) cnpaBeinBa i s k =n+2.

JliiicHo,
a'l
a,, =4, +2_,,'
3a npunyuieHHIM iHIyKIIii:
' a, s3—£ian+l <3- 12| =3—-6—.
2" ) 2n+ 2”
Tomy
SR SNEVCRE TR T B NP
2'! 2" 2" 2[! 2Il 4” 2” 2'“-

3BincH, 3rilHO 3 NMPUHIMIIOM MaTeMaTHYHOI iHAYKLii, BUTUIMBAE, 1110 (*)
Mae Micue npu Bcix n € N.

17. (11) ITocnigoBHicTb {x,,} 3alaHa PEKYPEHTHUM crocoboM: x, =0

ix, =5x, + ,/24x3 +1 114 Beix n e N. JloBeniTh, 110 BCi WIEHU NOC/iIOBHOCTI,
MOYMHAIOYH 3 IPYTroro, € HaTypaJbHUMH YUCJIaMMU.
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Po3B’a3anns

CkopucraifMocss  METOAOM  MaTreMaTWyHoi  iHxykuii. OueBMIOHO
x,, 25x, +1. 3Bincu nosenemo, wo x,, >1 npu Beix n eN. Toxi x,,, >x, +1.
lIam, i3 piBHocTi, sKa 3agaHa B YMOBi 3amayi, BMIUIMBAaE, LIO

—IOxMx +x2 =1 st Bcix n € N. O4eBUIHO, IO CNpaBeUINBA i PIBHICTD

-10x x

n-n-
nepuioi piBHOCTI ApPYTY, OXEPXHUMO x -10x,,x, +10x,x, , =0,
(X = _,)-(x,,+, +X,_, —10x, ) =0. OckinbKy x,,+, X, 22,710

X,q +X,, —10x, =01n4a Bcix n eN, n>2. I3 piBHoCTI X,,, =10x, —X,_, Ta yMOB
x, =0, x2 =1BUIUIMBAE, IO X, — TAKOX HaTypajbHe. OCKIIbKH X, Ta X, — HaTy-
paJIbHi, TO X, — TaAKOX Hai‘rypanbﬂe yucio i T. 1. Jani 3a iHayK1i€o oTpuMaeMo,
IO X,,, — HaTypaJIbHE YHMCJIO MpH BCix 7 € N.

L+x2, =1 ma Bcix n=2,3,4,.. Bim{imaroqu NOWIEHHO Bil

18. (11) JaHo nnoBiTbHUX KBafpaTiB. JLOBEIiTh, 1110 iX MOXXHA PO3pi3aTH Ha
YaCTHHU TaK, 110 i3 OlePKaHUX YaCTHH MOXHa 0yi10 6 CKTaCTH OIMH BEJTUKUI
KBaJpar. '

Po3s’sa3aHHs

CxopucrtaiftMocst METOIOM MaTeMaTUYHOI iHAYKLIi.

ba3sa. Tlpu n =1 TBepAXeHHs 3a1avi JOBOXUTH HEMAE HEOOXiTHOCTI.

Kpoxk indyxuyii. TTpurnycTuMo, 1110 TBEPAXEHHS 3a1a4i BXe JOBEAEHO LIS 1
KBampaTiB, i Hexail

4 MB HaHo n+1 Ksampartis
0 K, K,  K,, K,,.
Bn6epeMo JOBUIbHI

&, * IBa KBagpaTH, Ha-

N l B’ NpUKIan, Kn i Kn+1

Hexait kBagpar X,

D P oc 1 Oinpmnit 3a KBagpat
A o K, , To6To itoro cropo-

Ha x Oinplia 3a cTopo-

a b 2 ¢ ¢ Hyyxksanpata K, (due.
y 1 d L1 puc. 7). Ha usomy pu-

) CYHKY TII0Ka3aHO, K
d c D’ notpibHO  po3pizaTH

Puc. 7 kBazgpart K ,,, Ha YacTH-
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HM (YOTUPH PiBHUX YOTUPUKYTHUKU AMOQ, BNOM , CPON, DQOP), 3 9KuX Ta
3 kBagpata K, MoxHa ckiacti kBazgpar A'B'C'D’.
Touku M, N, P, Q BuOpaHi Taxk, mo *

AM = BN =CP=DQ=3‘-;—y-.
Hani, 3rigHo 3i mpumyuieHHsM, kBagpatu K|, K,, ..., K,_,, A'B'C'D’' MoxHa

PO3pi3aTH Ha YaCTUHH, i3 IKHX MOXHA CKJIaCTH OIMH «BEIMKUIf» KBAJIpaT, 110
i moTpiGHO Gys10 HOBECTH.

19. (11) Ha mnowmHi aaHo 2n+1 Toyok. ITobynyitte 2n+1-KyTHHK, Uit

SIKOTO 1li TOYKM € CepeauHaMH ioro cTopiH. (JlaHi TOUKH € BEpLIMHAMU OTyK-
JIOTO 27 + 1-KyTHHKA).

BkasiBka

CKOpHUCTaiMOCSIMETOAOM MaTeMaTHYHOT iHOYKLI

ba3sa. Ilph1 n =1 3anaya 3BoAUTECS 10 MOOYNIOBM TPUKYTHUKA MO 3aJaHUX
cepeAMHax MOro CTopiH (IOCTaTHbO MPOBECTH Yepe3 KOXHY 3 TPhOX 3aTaHUX
TOYOK IPAMY, MapajiesibHy 10 NMPAMOi, WO 3’€AHYE IBi APYTHUX).

Kpoxk indyxyii. Tlpunyctumo, 110 MU BMieMo OyayBaTu (2n—1)-KyTHUK 3a
cepeIMHaMHM HOTo CTOPiH, Ta Hexaii HaM JaHO TOYKH A, 4,, .., 4, Tloby-
JYEMO TOYKY A, IKa € YETBEPTOIO BEPIUMHOIO mnapanesorpaMa A A, A, A.
Bynyemo (2n-1) -xytHuxk X, X,..X,, |, s GKoro To4ku A4, 4,, A, ..., 4,,.,
€ cepeaMHaMu cTopid X, X,, X, X;, .., X,,_, X, BiInoBiaHo (i10ro MoxHa rno-
6ynysat 3a npunymeHHsaM). Hexait Y- Touka, Axa cMMeTpuyHa Toulli X,
BiTHOCHO 4, a Z- TOYKa, IKa CAMETpUYHa X, BiTHOCHO A,. Toni Touku Y 1a Z
CHUMETPHYHi BITHOCHO A, , TOO6TO 21 +1-KyTHUK X, YZX, ... X,,_, € lllyKaHHUM, 11O
i TpeGa 6yso noBeCTH.

20.* (11) Ha ckinbkyM 4acTMH pO30WBAIOTh MPOCTip # cdep, KOXHi ABi
3 AKX MEPETUHAIOTHCS MiX co6oi0?

Bkasiska

Po3rnsiHpTe Ta pO3B’SIXKIiTh MOCHIZOBHO TaKi 3adayi, 3acCTOCYBaBLUM
iHgykuilo.

a) Ha ckinbku yacTuH ainath npsMy n nap toyok? (Ilapa Touok — ue
«OIHOBHMipHa cdepa»).

Bionogiob. 2n pi3HHUX TOYOK NMPAMOI AUIATH 1i Ha 27 + 1 YaCTUH.
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a’) 3HallTH YMCIIO @, (1) YaCTHH, Ha SIKi AUTATH KOJIO 1 T1ap TOYOK, Ki po3Ta-
1IOBaHi Ha HBOMY. Bidnosids. ¢, (n) =2n.

6) 3HaitTh 9MC0 @, (1) YACTUH, HA SKi AUIATH IUIOILMHY 7 KiJI, KOXHi Ba
3 SIKMX IIEPETUHAIOTHCA i pO3TalllOBaHi Ha Hiid.

Bionogios. ¢, (n) = n’ —n+2.

6') Ha cxisibku YaCTHH AUIATH cepy » KiJl, KOXHi ABa 3 AKUX MEPETHHA-
10ThCS, PO3TALLOBAHHUX Ha Hiit? Bidnosids. Ha ¢, (n) =n® —n+2 yactuH,
n(n® -3n+8)

3 .

Bynyemo (2n-1)-KyTHUK X, X, ... X,, |, VIS AKOTO TOUKU A, A, , A5, ..., Ay,
€ cepeavMHaMu cTopiH X, X, , X, X,, ..., X,,_ X, BignosinHo (iforo MoxHa mo-
6ynyBaTu 3a mpumnyiieHHsaM). Hexail ¥ — Touka, sika cMMeTpU4yHa Toulli X,
BIIHOCHO A, a Z — TOYKa. sIKa CAMETpUYHa X, BilHocHO A4,. ToniY i Z cumer-
pHUHi BITHOCHO A,, T06TO (21+1) -KyTHUK X,YZX,..X,, , € WIyKaHUM, 1O
i Tpeba OyJs10 JOBECTH. .

B) 3anpoNOHOBaHa 3a1a4a. Bionoeide. ¢ (n) =
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